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Abstract
In [1, 2, 3], Fesenko has defined the non-abelian local reciprocity map
for every totally-ramified arithmetically profinite (APF ) Galois extension
of a given local field K by extending the works of Hazewinkel [8] and
Neukirch-Iwasawa [15]. The theory of Fesenko extends the previous non-
abelian generalizations of local class field theory given by Koch-de Shalit
[13] and by A. Gurevich [7]. In this paper, which is research-expository in
nature, we give a detailed account of Fesenko’s work, and include all the
proofs that are skipped in [1, 2, 3].
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In a series of very interesting papers [1, 2, 3], Fesenko has defined the non-
abelian local reciprocity map for every totally-ramified arithmetically profinite
(APF ) Galois extension of a given local field K by extending the works of
Hazewinkel [8] and Neukirch-Iwasawa [15]. “Fesenko theory” extends the pre-
vious non-abelian generalizations of local class field theory given by Koch and
de Shalit in [13] and by A. Gurevich in [7].
In this paper, which is research-expository in nature, we give a very detailed
account of Fesenko’s work [1, 2, 3], thereby complementing them by includ-
ing all the proofs. Let us describe how our paper is organized: In the first
part, we briefly review abelian local class field theory and the construction of
the local Artin reciprocity map following Hazewinkel method and Neukirch-
Iwasawa method. In parts 3 and 4, following [4], [5, 6], and [17], we review
the theory of APF -extensions over K, and sketch the construction of Fontaine-
Wintenberger’s field of norms X(L/K) attached to an APF -extension L/K. In
order to do so, in part 2, we briefly review the ramification theory of K. Fi-
nally, in part 5, we give a detailed construction of the Fesenko reciprocity map
Φ
(ϕ)
L/K defined for any totally-ramified and APF -Galois extension L over K un-
der the assumption that µp(K
sep) ⊂ K, where p = char(κK), and investigate
the functorial and ramification-theoretic properties of the Fesenko reciprocity
maps defined for totally-ramified and APF -Galois extensions over K.
In a companion paper [10], we shall extend the construction of Fesenko to any
Galois extension ofK (in a fixedKsep), and construct the non-abelian local class
field theory. Thus, we feel that, the present paper together with [1, 2, 3] should
be viewed as the technical and theoretical background, an introduction, as well
as an appendix to our companion paper [10] on “generalized Fesenko theory”.
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A similar theory has been announced by Laubie in [14], which is an extension
of the work of Koch and de Shalit [13]. The relationship of Laubie theory with
our generalized Fesenko theory will be investigated in our companion paper as
well.
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Notation
All through this work, K will denote a local field (a complete discrete valuation
field) with finite residue field OK/pK =: κK of qK = q = p
f elements with p
a prime number, where OK denotes the ring of integers in K with the unique
maximal ideal pK . Let νK denote the corresponding normalized valuation on
K (normalized by νK(K
×) = Z), and ν˜ the unique extension of νK to a fixed
separable closure Ksep of K. For any sub-extension L/K of Ksep/K, the nor-
malized form of the valuation ν˜ |L on L will be denoted by νL. Finally, let GK
denote the absolute Galois group Gal(Ksep/K).
1 Abelian local class field theory
Let K be a local field. Fix a separable closure Ksep of the local field K. Let
GK denote the absolute Galois group Gal(K
sep/K) of K. By the construction
of absolute Galois groups, GK is a pro-finite topological group with respect to
the Krull topology. Now let GabK denote the maximal abelian Hausdorff quotient
group GK/G
′
K of the topological group GK , where G
′
K denotes the closure of
the 1st-commutator subgroup [GK , GK ] of GK .
Recall that, abelian local class field theory for the local field K establishes
a unique natural algebraic and topological isomorphism
αK : K̂×
∼
−→ GabK ,
where the topological group K̂× denotes the pro-finite completion of the multi-
plicative group K×, satisfying the following conditions
(1) Let WK denote the Weil group of K. Then
αK(K
×) =W abK ;
(2) for every abelian extension L/K (always assumed to be a sub-extension
of Ksep/K, where a separable closure Ksep of K is fixed all through the
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remainder of the text), the surjective and continuous homomorphism
αL/K : K̂×
αK−−→ GabK
resL−−−→ Gal(L/K)
satisfies
ker(αL/K) = NL/K(L̂×) =
⋂
K ⊆
finite
F⊆L
NF/K(F̂×) =: NL;
(3) for each abelian extension L/K, the mapping
L 7→ NL
defines a bijective correspondence
{L/K : abelian} ↔ {N : N ≤
closed
K̂×},
which satisfies the following conditions: for every abelian extension L,L1,
and L2 over K,
(i) L/K is a finite extension if and only if NL ≤
open
K̂× (which is equiv-
alent to (K̂× : NL) <∞);
(ii) L1 ⊆ L2 ⇔ NL1 ⊇ NL2 ;
(iii) NL1L2 = NL1 ∩ NL2 ;
(iv) NL1∩L2 = NL1NL2 .
(4) (Ramification theory)1. Let L/K be an abelian extension. For every
integer 0 ≤ i ∈ Z and for every real number ν ∈ (i− 1, i],
x ∈ U iKNL ⇔ αL/K(x) ∈ Gal(L/K)
ν ,
where x ∈ K̂×.
(5) (Functoriality). Let L/K be an abelian extension.
(i) For γ ∈ Aut(K),
αK(γ(x)) = γ˜αK(x)γ˜
−1,
for every x ∈ K̂×, where γ˜ : Kab → Kab is any automorphism of the
field Kab satisfying γ˜ |K= γ;
(ii) under the condition [L : K] <∞,
αL(x) |Kab= αK(NL/K(x)),
for every x ∈ L̂×;
1We shall review the higher-ramification subgroups Gal(L/K)ν of Gal(L/K) (in upper-
numbering) in the next section.
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(iii) under the condition [L : K] <∞,
αL(x) = VK→L (αK(x)) ,
for every x ∈ K̂×, where VK→L : G
ab
K → G
ab
L is the group-theoretic
transfer homomorphism (Verlagerung).
This unique algebraic and topological isomorphism αK : K̂× → GabK is called
the local Artin reciprocity map of K.
There are many constructions of the local Artin reciprocity map ofK includ-
ing the cohomological and analytical constructions. Now, in the remainder of
this section, we shall review the construction of the local Artin reciprocity map
αK : K̂× → G
ab
K of K following Hazewinkel ([8]) and Iwasawa-Neukirch ([12],
[15]). As usual, let Knr denote the maximal unramified extension of K. It is
well-known that Knr is not a complete field with respect to the valuation νKnr
on Knr induced from the valuation νK of K. Let K˜ denotes the completion of
Knr with respect to the valuation νKnr onK
nr. For a Galois extension L/K, let
Lnr = LKnr and L˜ = LK˜. For each τ ∈ Gal(L/K), choose τ∗ ∈ Gal(Lnr/K)
in such a way that:
(1) τ∗ |L= τ ;
(2) τ∗ |Knr= ϕn, for some 0 < n ∈ Z, where ϕ ∈ Gal(Knr/K) denotes the
(arithmetic) Frobenius automorphism of K.
Let the fixed-field (Lnr)τ
∗
= {x ∈ Lnr : τ∗(x) = x} of this chosen τ∗ ∈
Gal(Lnr/K) in Lnr be denoted by Στ∗ , which satisfies [Στ∗ : K] <∞.
The Iwasawa-Neukirch mapping
ιL/K : Gal(L/K)→ K
×/NL/K(L
×)
is then defined by
ιL/K : τ 7→ NΣτ∗/K(πΣτ∗ ) mod NL/K(L
×),
for every τ ∈ Gal(L/K), where πΣτ∗ denotes any prime element of Στ∗ .
Suppose now that the Galois extension L/K is furthermore a totally-ramified
and finite extension. Let V˜ (L/K) be the subgroup of the unit group UeL = O×eL
of the ring of integers OeL of the local field L˜ defined by
V˜ (L/K) =
〈
uσ−1 : u ∈ UeL, σ ∈ Gal(L/K)
〉
.
Then the homomorphism
θ : Gal(L/K)→ UeL/V˜ (L/K)
defined by
θ : σ 7→
σ(πL)
πL
mod V˜ (L/K),
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for every σ ∈ Gal(L/K), makes the following triangle
Gal(L/K)
can.

θ
''O
OO
OO
OO
OO
OO
UeL/V˜ (L/K)
Gal(L/K)ab
θo
77ooooooooooo
commutative. The quotient UeL/V˜ (L/K) sits in the Serre short exact sequence
1→ Gal(L/K)ab
θo−→ UeL/V˜ (L/K)
N eL/fK
−−−−→ U eK → 1. (1.1)
Let V (L/K) denote the subgroup of the unit group ULnr of the ring of integers
OLnr of the maximal unramified extension L
nr of the local field L defined by
V (L/K) =
〈
uσ−1 : u ∈ ULnr , σ ∈ Gal(L/K)
〉
.
The quotient ULnr/V (L/K) sits in the Serre short exact sequence
1→ Gal(L/K)ab
θo−→ ULnr/V (L/K)
NLnr/Knr
−−−−−−−→ UKnr → 1. (1.2)
As before, let ϕ ∈ Gal(Knr/K) denote the Frobenius automorphism of K.
Fix any extension of the automorphism ϕ of Knr to an automorphism of Lnr,
denoted again by ϕ. Now, for any u ∈ UK , there exists vu ∈ ULnr , such that
u = NLnr/Knr(vu). Then, the equality
NLnr/Knr (ϕ(vu)) = ϕ(NLnr/Knr(vu)) = ϕ(u) = u,
combined with the Serre short exact sequence, yields the existence of σu ∈
Gal(L/K)ab satisfying
θo(σu) =
σu(πL)
πL
=
vu
ϕ(vu)
.
The Hazewinkel mapping
hL/K : UK/NL/KUL → Gal(L/K)
ab
is then defined by
hL/K : u 7→ σu,
for every u ∈ UK .
It turns out that, for L/K totally-ramified and finite Galois extension, the
Hazewinkel mapping hL/K : UK/NL/KUL → Gal(L/K)
ab and the Iwasawa-
Neukirch mapping ιL/K : Gal(L/K)→ K
×/NL/K(L
×) are the inverses of each
other. Thus, by the uniqueness of the local Artin reciprocity map αK : K̂× →
GabK of the local field K, it follows that the Hazewinkel map, the Iwasawa-
Neukirch map, and the local Artin map are related with each other as
hL/K = αL/K
and
ιL/K = α
−1
L/K .
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2 Review of ramification theory
In this section, we shall review the higher-ramification subgroups in upper-
numbering of the absolute Galois group GK of the local field K, which is nec-
essary in the theory of APF -extensions over K. The main reference that we
follow for this section is [16].
For a finite separable extension L/K, and for any σ ∈ HomK(L,Ksep),
introduce
iL/K(σ) := min
x∈OL
{νL(σ(x) − x)} ,
put
γt := #
{
σ ∈ HomK(L,K
sep) : iL/K(σ) ≥ t+ 1
}
,
for −1 ≤ t ∈ R, and define the function ϕL/K : R≥−1 → R≥−1, the Hasse-
Herbrand transition function of the extension L/K, by
ϕL/K(u) :=
{∫ u
0
γt
γ0
dt, 0 ≤ u ∈ R,
u, −1 ≤ u ≤ 0.
It is well-known that, ϕL/K : R≥−1 → R≥−1 is a continuous, monotone-
increasing, piecewise linear function, and induces a homeomorphism R≥−1
≈
−→
R≥−1. Now, let ψL/K : R≥−1 → R≥−1 be the mapping inverse to the function
ϕL/K : R≥−1 → R≥−1.
Assume that L is a finite Galois extension overK with Galois group Gal(L/K) =:
G. The normal subgroup Gu of G defined by
Gu = {σ ∈ G : iL/K(σ) ≥ u+ 1}
for −1 ≤ u ∈ R is called the uth ramification group of G in the lower numbering,
and has order γu. Note that, there is the inclusion Gu′ ⊆ Gu for every pair
−1 ≤ u, u′ ∈ R satisfying u ≤ u′. The family {Gu}u∈R≥−1 induces a filtration on
G, called the lower ramification filtration of G. A break in the lower ramification
filtration {Gu}u∈R≥−1 of G is defined to be any number u ∈ R≥−1 satisfying
Gu 6= Gu+ε for every 0 < ε ∈ R. The function ψL/K = ϕ
−1
L/K : R≥−1 → R≥−1
induces the upper ramification filtration {Gv}v∈R≥−1 on G by setting
Gv := GψL/K(v),
or equivalently, by setting
GϕL/K(u) = Gu
for −1 ≤ v, u ∈ R, where Gv is called the vth upper ramification group of G.
A break in the upper filtration {Gv}v∈R≥−1 of G is defined to be any number
v ∈ R≥−1 satisfying Gv 6= Gv+ε for every 0 < ε ∈ R.
Remark 2.1. The basic properties of lower and upper ramification filtrations on
G are as follows:
In what follows, F/K denotes a sub-extension of L/K and H denotes the Galois
group Gal(L/F ) corresponding to the extension L/F .
(i) The lower numbering on G passess well to the subgroup H of G in the
sense that
Hu = H ∩Gu
for −1 ≤ u ∈ R;
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(ii) and if furthermore, H ⊳G, the upper numbering on G passess well to the
quotient G/H as
(G/H)v = GvH/H
for −1 ≤ v ∈ R.
(iii) The Hasse-Herbrand function and its inverse satisfy the transitive law
ϕL/K = ϕF/K ◦ ϕL/F
and
ψL/K = ψL/F ◦ ψF/K .
If L/K is an infinite Galois extension with Galois group Gal(L/K) = G, which
is a topological group under the respective Krull topology, define the upper
ramification filtration {Gv}v∈R≥−1 on G by the projective limit
Gv := lim
←−
K⊆F⊂L
Gal(F/K)v (2.1)
defined over the transition morphisms tF
′
F (v) : Gal(F
′/K)v → Gal(F/K)v,
which are essentially the restriction morphisms from F ′ to F , defined naturally
by the diagram
Gal(F/K)v Gal(F ′/K)v
tF
′
F (v)oo
can.
{{ww
ww
ww
ww
ww
ww
ww
ww
ww
ww
ww
ww
ww
ww
Gal(F ′/K)vGal(F ′/F )/Gal(F ′/F )
isomorphism
introduced in (ii)
ccGGGGGGGGGGGGGGGGGGGGGGGGGGGG
(2.2)
induced from (ii), as K ⊆ F ⊆ F ′ ⊆ L runs over all finite Galois extensions F
and F ′ over K inside L. The topological subgroup Gv of G is called the vth
ramification group of G in the upper numbering. Note that, there is the inclusion
Gv
′
⊆ Gv for every pair −1 ≤ v, v′ ∈ R satisfying v ≤ v′ via the commutativity
of the square
Gal(F/K)v Gal(F ′/K)v
tF
′
F (v)oo
Gal(F/K)v
′
inc.
OO
Gal(F ′/K)v
′t
F ′
F (v
′)
oo
inc.
OO
(2.3)
for every chain K ⊆ F ⊆ F ′ ⊆ L of finite Galois extensions F and F ′ over K
inside L. Observe that
(iv) G−1 = G and G0 is the inertia subgroup of G;
(v)
⋂
v∈R≥−1
Gv = 〈1G〉;
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(vi) Gv is a closed subgroup of G, with respect to the Krull topology, for
−1 ≤ v ∈ R.
In this setting, a number −1 ≤ v ∈ R is said to be a break in the upper ramifi-
cation filtration {Gv}v∈R≥−1 of G, if v is a break in the upper filtration of some
finite quotient G/H for some H ⊳ G. Let BL/K denotes the set of all numbers
v ∈ R≥−1, which occur as breaks in the upper ramification filtration of G. Then,
(vii) (Hasse-Arf theorem.) BKab/K ⊆ Z ∩R≥−1;
(viii) BKsep/K ⊆ Q ∩ R≥−1.
3 APF -extensions over K
In this section, we shall briefly review a very important class of algebraic ex-
tensions, called the APF -extensions, over a local field K introduced by Fontaine
andWintenberger (cf. [5, 6] and [17]). As in the previous section, let {GvK}v∈R≥−1
denote the upper ramification filtration of the absolute Galois group GK of K,
and let Rv denote the fixed field (Ksep)G
v
K of the vth upper ramification sub-
group GvK of GK in K
sep for −1 ≤ v ∈ R.
Definition 3.1. An extension L/K is called an APF -extension (APF is the
shortening for “arithme´tiquement profinie”), if one of the following equivalent
conditions is satisfied:
(i) GvKGL is open in GK for every −1 ≤ v ∈ R;
(ii) (GK : G
v
KGL) <∞ for every −1 ≤ v ∈ R;
(iii) L ∩Rv is a finite extension over K for every −1 ≤ v ∈ R.
Note that, if L/K is an APF -extension, then [κL : κK ] <∞.
Now, let L/K be an APF -extension. Set G0L = GL ∩G
0
K , and define
ϕL/K(v) =
{∫ v
0 (G
0
K : G
0
LG
x
K)dx, 0 ≤ v ∈ R;
v, −1 ≤ v ≤ 0.
(3.1)
Then the map v 7→ ϕL/K(v) for v ∈ R≥−1, which is well-defined for the APF -
extension L/K, defines a continuous, strictly-increasing and piecewise-linear
bijection ϕL/K : R≥−1 → R≥−1. We denote the inverse of this mapping by
ψL/K := ϕ
−1
L/K : R≥−1 → R≥−1.
Thus, if L/K is a (not necessarly finite) Galois APF -extension, then we
can define the higher ramification subgroups in lower numbering Gal(L/K)u of
Gal(L/K), for −1 ≤ u ∈ R, by setting
Gal(L/K)u := Gal(L/K)
ϕL/K(u).
Remark 3.2. Note that,
(i) In case L/K is a finite separable extension, which is clearly an APF -
extension by Definition 3.1, the function ϕL/K : R≥−1 → R≥−1 coincides
with the Hasse-Herbrand transition function of L/K introduced in the
previous section;
8
(ii) if L/K is a finite separable extension and L′/L is an APF -extension, then
L′/K is an APF -extension, and the transitivity rules for the functions
ϕL′/K , ψL′/K : R≥−1 → R≥−1 hold by
ϕL′/K = ϕL/K ◦ ϕL′/L
and by
ψL′/K = ψL′/L ◦ ψL/K .
The following result will be extremely useful.
Lemma 3.3. Suppose that K ⊆ F ⊆ L ⊆ Ksep is a tower of field extensions in
Ksep over K. Then,
(i) If [F : K] <∞, then L/K is an APF -extension if and only if L/F is an
APF -extension.
(ii) If [L : F ] <∞, then L/K is an APF -extension if and only if F/K is an
APF -extension.
(iii) If L/K is an APF -extension, then F/K is an APF -extension.
Proof. For a proof, look at Proposition 1.2.3. of [17].
4 Fontaine-Wintenberger fields of norms
Let L/K be an infinite APF -extension. Let Li for 0 ≤ i ∈ Z be an increasing
directed-family of sub-extensions in L/K such that:
(i) [Li : K] <∞ for every 0 ≤ i ∈ Z;
(ii)
⋃
0≤i∈Z
Li = L.
Let
X(L/K)× = lim
←−
i
L×i
be the projective limit of the multiplicative groups L×i with respect to the norm
homomorphisms
NLi′/Li : L
×
i′ → L
×
i ,
for every 0 ≤ i, i′ ∈ Z with i ≤ i′.
Remark 4.1. The group X(L/K)× does not depend on the choice of the increas-
ing directed-family of sub-extensions {Li}0≤i∈Z in L/K satisfying the conditions
(i) and (ii). Thus,
X(L/K)× = lim
←−
M∈SL/K
M×,
where SL/K is the partially-ordered family of all finite sub-extensions in L/K,
and the projective limit is with respect to the norm
NM2/M1 :M
×
2 →M
×
1 ,
for every M1,M2 ∈ SL/K with M1 ⊆M2.
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Put
X(L/K) = X(L/K)× ∪ {0},
where 0 is a fixed symbol, and define the addition
+ : X(L/K)× X(L/K)→ X(L/K)
by the rule
(αM ) + (βM ) = (γM ),
where γM ∈M is defined by the limit
γM = lim
M⊂M ′∈SL/K
[M ′:M ]→∞
NM ′/M (αM ′ + βM ′), (4.1)
which exists in the local field M , for every M ∈ SL/K .
Remark 4.2. Note that, for (αM ), (βM ) ∈ X(L/K), the law of composition
((αM ), (βM )) 7→ (αM ) + (βM ) = (γM )
given by eq. (4.1) is well-defined, since L/K is assumed to be an APF -extension
(cf. Theorem 2.1.3. of [17]).
It then follows that,
Theorem 4.3 (Fontaine-Wintenberger). Let L/K be an APF -extension. Then
X(L/K) is a field under the addition
+ : X(L/K)× X(L/K)→ X(L/K),
defined by eq. (4.1), and under the multiplication
× : X(L/K)× X(L/K)→ X(L/K)
defined naturally from the componentwise multiplication defined on X(L/K)×.
This field X(L/K) is called the field of norms corresponding to the APF -extension
L/K.
Now, in particular, choose the following specific increasing directed-family
of sub-extensions {Li}0≤i∈Z in L/K :
(i) L0 is the maximal unramified extension of K inside L;
(ii) L1 is the maximal tamely ramified extension of K inside L;
(iii) choose Li, for i ≥ 2, inductively as a finite extension of L1 inside L with
Li ⊆ Li+1 and
⋃
0≤i∈Z
Li = L.
Note that, L0/K is a finite sub-extension of L/K and by the definition of tamely
ramified extensions, L0 ⊆ L1, with [L1 : K] < ∞. Thus, for any element
(αLi)0≤i∈Z of X(L/K),
νLi(αLi) = νL0(αL0), (4.2)
for every 0 ≤ i ∈ Z. Thus, the mapping
νX(L/K) : X(L/K)→ Z ∪ {∞}
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given by
νX(L/K) ((αLi)0≤i∈Z) = νL0(αL0), (4.3)
for (αLi)0≤i∈Z ∈ X(L/K), is well-defined, and moreover a discrete valuation on
X(L/K), in view of eq. (4.2).
Theorem 4.4 (Fontaine-Wintenberger). Let L/K be an APF -extension, and
let X(L/K) be the field of norms attached to L/K. Then,
(i) the field X(L/K) is complete with respect to the discrete valuation νX(L/K) :
X(L/K)→ Z ∪ {∞} defined by eq. (4.3);
(ii) the residue class field κX(L/K) of X(L/K) satisfies κX(L/K)
∼
−→ κL;
(iii) the characteristic of the field X(L/K) is equal to char(κK).
Proof. For a proof, look at Theorem 2.1.3 of [17].
Remark 4.5. The ring of integers OX(L/K) of the local field (complete discrete
valuation field) X(L/K) is defined as usual by
OX(L/K) =
{
(αLi)0≤i∈Z ∈ X(L/K) : νX(L/K) ((αLi)0≤i∈Z) ≥ 0
}
.
Thus, by eq.s (4.3) and (4.2), for α = (αLi)0≤i∈Z ∈ X(L/K), the following two
conditions are equivalent.
(i) (αLi)0≤i∈Z ∈ OX(L/K);
(ii) αLi ∈ OLi for every 0 ≤ i ∈ Z.
The maximal ideal pX(L/K) of OX(L/K) is defined by
pX(L/K) =
{
(αLi)0≤i∈Z ∈ X(L/K) : νX(L/K) ((αLi)0≤i∈Z)  0
}
.
By eq.s (4.3) and (4.2), for α = (αLi)0≤i∈Z ∈ X(L/K), the following two condi-
tions are equivalent.
(iii) (αLi)0≤i∈Z ∈ pX(L/K);
(iv) αLi ∈ pLi for every 0 ≤ i ∈ Z.
The unit group UX(L/K) of OX(L/K) is defined by
UX(L/K) =
{
(αLi)0≤i∈Z ∈ X(L/K) : νX(L/K) ((αLi)0≤i∈Z) = 0
}
.
Again by eq.s (4.3) and (4.2), for α = (αLi)0≤i∈Z ∈ X(L/K), the following two
conditions are equivalent.
(v) (αLi)0≤i∈Z ∈ UX(L/K);
(vi) αLi ∈ ULi for every 0 ≤ i ∈ Z.
Let L/K be an infinite APF -extension. Consider the following tower
K ⊆ F ⊆ L ⊆ E ⊆ Ksep
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of extensions over K, where [F : K] < ∞ and [E : L] < ∞. It then follows, by
Lemma 3.3 parts (i) and (ii), that L/F is an infinite APF -extension satisfying
X(L/K) = X(L/F ),
by the definition of field of norms, and E/K is an infinite APF -extension sat-
isfying
X(L/K) →֒ X(E/K)
under the injective topological homomorphism
ε
(M)
L,E : X(L/K)→ X(E/K),
which depends on a finite extension M over K satisfying LM = E.
LM = E
L
uuuuuuuuuu
M
K
[M :K]<∞
uuuuuuuuuu
infinite
APF-ext.
The topological embedding ε
(M)
L,E : X(L/K) →֒ X(E/K) is defined as follows.
Let {Li}0≤i∈Z be an increasing directed-family of sub-extensions in L/K, such
that [Li : K] < ∞, for every 0 ≤ i ∈ Z, and
⋃
0≤i∈Z Li = L. Then, clearly,
{LiM}0≤i∈Z is an increasing directed-family of sub-extensions in E/K, such
that [LiM : K] < ∞, for every 0 ≤ i ∈ Z, and
⋃
0≤i∈Z LiM = E. Given these
two directed-families, there exists a large enough positive integer m = m(M),
which depends on the choice of M , such that, for m ≤ i ≤ j,
NLjM/LiM (x) = NLj/Li(x),
for each x ∈ Lj . Now, the topological embedding ε
(M)
L,E : X(L/K) →֒ X(E/K) is
defined, for every (αLi)0≤i∈Z ∈ X(L/K)− {0}, by
ε
(M)
L,E : (αLi)0≤i∈Z 7→ (α
′
LiM )0≤i∈Z,
where α′LiM ∈ LiM is defined, for every 0 ≤ i ∈ Z, by
α′LiM =
{
αLi , i ≥ m
NLmM/LiM (αLm), i < m.
Thus, under the topological embedding ε
(M)
L,E : X(L/K) →֒ X(E/K), view
X(E/K)/X(L/K) as an extension of complete discrete valuation fields. At this
point, the following remark is in order.
Remark 4.6. Let L/K be an infinite APF -extension and E/L a finite extension.
Suppose that M and M ′ are two finite extensions over K, satisfying LM =
LM ′ = E. Then the embeddings ε
(M)
L,E , ε
(M ′)
L,E : X(L/K) →֒ X(E/K) are the
same. Therefore, as a notation, we shall set ε
(M)
L,E = εL,E.
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Now, given an infinite APF -extension L/K, and this time let E be a (not
necessarily finite) separable extension of L. Let SsepE/L denote the partially-
ordered family of all finite separable sub-extensions in E/L. Then,
Proposition 4.7.
{X(E′/K); εE′,E′′ : X(E′/K) →֒ X(E′′/K)}E′,E′′∈Ssep
E/L
E′⊆E′′
is an inductive system under the topological embeddings
εE′,E′′ : X(E′/K) →֒ X(E′′/K)
for E′, E′′ ∈ SsepE/L with E
′ ⊆ E′′.
Let X(E,L/K) denote the topological field defined by the inductive limit
X(E,L/K) = lim
−→
E′∈Ssep
E/L
X(E′/K)
defined over the transition morphisms εE′,E′′ : X(E′/K) →֒ X(E′′/K) for
E′, E′′ ∈ SsepE/L with E
′ ⊆ E′′.
The following theorem is central in the theory of fields of norms.
Theorem 4.8 (Fontaine-Wintenberger). Let L/K be an APF -extension and
E/L a Galois extension. Then X(E,L/K)/X(L/K) is a Galois extension, and
Gal (X(E,L/K)/X(L/K)) ≃ Gal(E/L)
canonically.
An immediate and important consequence of this theorem is the following.
Corollary 4.9. Let L/K be an APF -extension. Then
Gal(X(Lsep, L/K)/X(L/K)) ≃ Gal(Lsep/L)
canonically.
5 Fesenko reciprocity law
In this section, we shall review the Fesenko reciprocity law for the local field K
following [1, 2, 3].
Following [13], we recall the following definition.
Definition 5.1. Let ϕ = ϕK ∈ Gal(K
nr/K) denote the Frobenius automor-
phism ofK. An automorphism ξ ∈ Gal(Ksep/K) is called a Lubin-Tate splitting
over K, if ξ |Knr= ϕ.
All through the remainder of the text, we shall fix a Lubin-Tate splitting
over the local field K and denote it simply by ϕ, or by ϕK if there is fear of
confusion. Let Kϕ denote the fixed field (K
sep)ϕ of ϕ ∈ GK in Ksep.
Let L/K be a totally-ramified APF -Galois extension satisfying
K ⊆ L ⊆ Kϕ. (5.1)
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The field of norms X(L/K) is a local field by virtue of Theorem 4.4. Let X˜(L/K)
denote the completion ˜X(L/K) of X(L/K)nr with respect to the valuation
νX(L/K)nr , which is the unique extension of the valuation νX(L/K) to X(L/K)nr.
As usual, we let UeX(L/K) to denote the unit group of the ring of integers OeX(L/K)
of the complete field X˜(L/K). In this case, there exist isomorphisms
X˜(L/K) ≃ Fsepp ((T ))
and
UeX(L/K) ≃ Fsepp [[T ]]×
defined by the mechanism of Coleman power series (for details, q.v. section 1.4
in [13]). Thus, the algebraic structures X˜(L/K) and UeX(L/K) initially seems to
depend on the ground field K only. However, as we shall state in Corollary 5.7,
the law of composition on the “class formation”, which is a certain sub-quotient
of UeX(L/K), does indeed depend on the Gal(L/K)-module structure of UeX(L/K).
Remark 5.2. The problem of removing this dependence on the Galois-module
structure of UeX(L/K) is closely connected with Sen’s infinite-dimensional Hodge-
Tate theory ([11]), or more generally with the p-adic Langlands program.
As in section 1, let K˜ denote the completion of Knr with respect to the
valuation νKnr on K
nr, and let L˜ = LK˜. Then L˜/K˜ is an APF -extension, as
L/K is an APF -extension, and the corresponding field of norms satisfy
X(L˜/K˜) = X˜(L/K). (5.2)
Now, let
Pr eK : UeX(L/K) → U eK (5.3)
denote the projection map on the K˜-coordinate of UeX(L/K) under the identifica-
tion described in eq. (5.2). All through the text, U1eX(L/K) stands for the kernel
ker(Pr eK) of the projection map Pr eK : UeX(L/K) → U eK .
Definition 5.3. The subgroup
Pr−1eK (UK) = {U ∈ UeX(L/K) : Pr eK(U) ∈ UK}
of UeX(L/K) is called the Fesenko diamond subgroup of UeX(L/K), and denoted by
U⋄eX(L/K).
Now, following [1, 2, 3], choose an ascending chain of field extensions
K = Eo ⊂ E1 ⊂ · · · ⊂ Ei ⊂ · · · ⊂ L
in such a way that
(i) L =
⋃
0≤i∈ZEi ;
(ii) Ei/K is a Galois extension for each 0 ≤ i ∈ Z;
(iii) Ei+1/Ei is cyclic of prime degree [Ei+1 : Ei] = p = char(κK) for each
1 ≤ i ∈ Z;
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(iv) E1/Eo is cyclic of degree relatively prime to p.
Such a sequence (Ei)0≤i∈Z exists, as L/K is a solvable Galois extension, and will
be called as a basic ascending chain of sub-extensions in L/K. Then, we can
construct X(L/K) by the basic sequence (Ei)0≤i∈Z and X˜(L/K) by (E˜i)0≤i∈Z.
Note that, the Galois group Gal(L/K) corresponding to the extension L/K act
continuously on X(L/K) and on X˜(L/K) naturally by defining the Galois-action
of σ ∈ Gal(L/K) on the chain
K = Eo ⊂ E1 ⊂ · · · ⊂ Ei ⊂ · · · ⊂ L, (5.4)
by the action of σ on each Ei for 0 ≤ i ∈ Z as
K = Eσo ⊂ E
σ
1 = E1 ⊂ · · · ⊂ E
σ
i = Ei ⊂ · · · ⊂ L, (5.5)
and respectively on the chain
K˜ = K˜Eo ⊂ E˜1 = K˜E1 ⊂ · · · ⊂ E˜i = K˜Ei ⊂ · · · ⊂ L˜ = K˜L, (5.6)
by the action of σ on the “Ei-part” of each E˜i (note that, Ei ∩Knr = K)
K˜Ei = E˜i
K˜
vvvvvvvvvv
Ei
K
Ei/K Galois ext.
[Ei : K] <∞
tttttttttt
completion of
max.-ur.-ext. of K
 
 
 
K˜Eσi = E˜
σ
i = E˜i
K˜
rrrrrrrrrrrr
Eσi = Ei
K
Eσi /K Galois ext.
[Eσi : K] <∞
pppppppppppp
completion of
max.-ur.-ext. of K
for 0 ≤ i ∈ Z as
K˜ = K˜Eσo ⊂ K˜E
σ
1 = K˜E1 ⊂ · · · ⊂ K˜E
σ
i = K˜Ei ⊂ · · · ⊂ K˜L. (5.7)
Therefore, there exist natural continuous actions of Gal(L/K) on UX(L/K),
UeX(L/K), and on U⋄eX(L/K) compatible with the respective topological group struc-
tures, so that we shall always view them as topological Gal(L/K)-modules in this
text. Now, recall the following theorem regarding norm compatible sequences of
prime elements (cf. [13]).
Theorem 5.4 (Koch-de Shalit). Assume that K ⊆ L ⊂ Kϕ. Then for any
chain
K = Eo ⊂ E1 ⊂ · · · ⊂ Ei ⊂ · · · ⊂ L,
of finite sub-extensions of L/K, there exists a unique norm-compatible sequence
πEo , πE1 , · · · , πEi , · · · ,
where each πEi is a prime element of Ei, for 0 ≤ i ∈ Z.
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In view of the theorem of Koch and de Shalit, define the natural prime
element Πϕ;L/K of the local field X(L/K), which depends on the fixed Lubin-
Tate splitting ϕ (cf. [13]) as well as the sub-extension L/K of Kϕ/K, by
Πϕ;L/K = (πEi)0≤i∈Z.
Note that, by the theorem of Koch and de Shalit, the prime element Πϕ;L/K
of X(L/K) does not depend on the choice of a chain (Ei)0≤i∈Z of finite sub-
extensions of L/K.
Theorem 5.5 (Fesenko). For each σ ∈ Gal(L/K), there exists Uσ ∈ U⋄eX(L/K)
which solves the equation
U1−ϕ = Πσ−1ϕ;L/K (5.8)
for U . Moreover, the solution set of this equation consists of elements from the
coset Uσ.UX(L/K) of Uσ modulo UX(L/K).
In fact, for the most general form of this theorem and its proof, look at [9].
Now, define the arrow
φ
(ϕ)
L/K : Gal(L/K)→ U
⋄eX(L/K)/UX(L/K) (5.9)
by
φ
(ϕ)
L/K : σ 7→ Uσ = Uσ.UX(L/K), (5.10)
for every σ ∈ Gal(L/K).
Theorem 5.6 (Fesenko). The arrow
φ
(ϕ)
L/K : Gal(L/K)→ U
⋄eX(L/K)/UX(L/K)
defined for the extension L/K is injective, and for every σ, τ ∈ Gal(L/K),
φ
(ϕ)
L/K(στ) = φ
(ϕ)
L/K(σ)φ
(ϕ)
L/K(τ)
σ (5.11)
co-cycle condition is satisfied.
A natural consequence of this theorem is the following result. Let im(φ
(ϕ)
L/K) ⊆
U⋄eX(L/K)/UX(L/K) denote the image set of the mapping φ(ϕ)L/K .
Corollary 5.7. Define a law of composition ∗ on im(φ
(ϕ)
L/K) by
U ∗ V = U.V
(φ
(ϕ)
L/K
)−1(U)
(5.12)
for every U, V ∈ im(φ
(ϕ)
L/K). Then im(φ
(ϕ)
L/K) is a topological group under ∗, and
the map φ
(ϕ)
L/K induces an isomorphism of topological groups
φ
(ϕ)
L/K : Gal(L/K)
∼
−→ im(φ
(ϕ)
L/K), (5.13)
where the topological group structure on im(φ
(ϕ)
L/K) is defined with respect to the
binary operation ∗ defined by eq. (5.12).
16
Now, for each 0 ≤ i ∈ R, consider the ith higher unit group U ieX(L/K) of the
field X˜(L/K), and define the group(
U⋄eX(L/K)
)i
= U⋄eX(L/K) ∩ U ieX(L/K). (5.14)
Theorem 5.8 (Fesenko ramification theorem). For 0 ≤ n ∈ Z, let Gal(L/K)n
denote the nth higher ramification subgroup of the Galois group Gal(L/K) cor-
responding to the APF -Galois sub-extension L/K of Kϕ/K in the lower num-
bering. Then, there exists the inclusion
φ
(ϕ)
L/K (Gal(L/K)n −Gal(L/K)n+1) ⊆(
U⋄eX(L/K)
)n
UX(L/K)/UX(L/K) −
(
U⋄eX(L/K)
)n+1
UX(L/K)/UX(L/K).
Now, let M/K be a Galois sub-extension of L/K. Thus, there exists the
chain of field extensions
K ⊆M ⊆ L ⊆ Kϕ,
whereM is a totally-ramified APF -Galois extension over K by Lemma 3.3. Let
φ
(ϕ)
M/K : Gal(M/K)→ U
⋄eX(M/K)/UX(M/K)
be the corresponding map defined for the extension M/K.
Now, let
K = Eo ⊂ E1 ⊂ · · · ⊂ Ei ⊂ · · · ⊂ L
be an ascending chain satisfying L =
⋃
0≤i∈ZEi and [Ei+1 : Ei] < ∞ for every
0 ≤ i ∈ Z. Then
K = Eo ∩M ⊆ E1 ∩M ⊆ · · · ⊆ Ei ∩M ⊆ · · · ⊂M
is an ascending chain of field extensions satisfying M =
⋃
0≤i∈Z(Ei ∩M) and
[Ei+1 ∩M : Ei ∩M ] <∞ for every 0 ≤ i ∈ Z. Thus, we can construct X(M/K)
by the sequence (Ei ∩M)0≤i∈Z and X˜(M/K) by the sequence (E˜i ∩M)0≤i∈Z.
Furthermore, the commutative square
E˜×i
eNEi/Ei∩M

E˜×i′
eNE
i′
/Ei
oo
eNEi′/Ei′∩M

E˜i ∩M
×
E˜i′ ∩M
×
eNE
i′
∩M/Ei∩M
oo
for every pair 0 ≤ i, i′ ∈ Z satisfying i ≤ i′, induces a group homomorphism
N˜L/M = lim←−
0≤i∈Z
N˜Ei/Ei∩M : X˜(L/K)
× → X˜(M/K)× (5.15)
defined by
N˜L/M
(
(α eEi)0≤i∈Z
)
=
(
N˜Ei/Ei∩M (α eEi)
)
0≤i∈Z
, (5.16)
for every (α eEi)0≤i∈Z ∈ X˜(L/K)×.
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Remark 5.9. The group homomorphism
N˜L/M : X˜(L/K)
× → X˜(M/K)×
defined by eq.s (5.15) and (5.16) does not depend on the choice of an ascending
chain
K = Eo ⊂ E1 ⊂ · · · ⊂ Ei ⊂ · · · ⊂ L
satisfying L =
⋃
0≤i∈ZEi and [Ei+1 : Ei] <∞ for every 0 ≤ i ∈ Z.
The basic properties of this group homomorphism are the following.
(i) If U = (u eEi)0≤i∈Z ∈ UeX(L/K), then N˜L/M (U) ∈ UeX(M/K).
Proof. In fact, following the definition of the valuation νeX(M/K) of X˜(M/K)
and the definition of the valuation νeX(L/K) of X˜(L/K), it follows that
νeX(M/K)
(
N˜L/M (U)
)
= νeX(M/K)
((
N˜Ei/Ei∩M (u eEi)
)
0≤i∈Z
)
= ν eK(u eK)
= 0,
as
νeX(L/K)(U) = ν eK(u eK) = 0,
since U ∈ UeX(L/K).
(ii) If U = (u eEi)0≤i∈Z ∈ U⋄eX(L/K), then N˜L/M (U) ∈ U⋄eX(M/K).
Proof. The assertion follows by observing that Pr eK(U) = u eK and Pr eK
(
N˜L/M (U)
)
=
N˜Eo/Eo∩M (u eEo) = u eK ∈ UK .
(iii) If U = (uEi)0≤i∈Z ∈ UX(L/K), then N˜L/M (U) ∈ UX(M/K).
Proof. The assertion follows by the definition eq. (5.16) of the homo-
morphism eq. (5.15) combined with the fact that N˜Ei/Ei∩M (uEi) =
NEi/Ei∩M (uEi) for every uEi ∈ UEi and for every 0 ≤ i ∈ Z.
Thus, the group homomorphism eq. (5.15) defined by eq. (5.16) induces a group
homomorphism, which will be called the Coleman norm map from L to M ,
N˜ColemanL/M : U
⋄eX(L/K)/UX(L/K) → U⋄eX(M/K)/UX(M/K) (5.17)
and defined by
N˜ColemanL/M (U) = N˜L/M (U).UX(M/K), (5.18)
for every U ∈ U⋄eX(L/K), where U denotes, as before, the coset U.UX(L/K) in
U⋄eX(L/K)/UX(L/K).
The following theorem is stated, in the works of Fesenko [1, 2, 3], without
a proof. Thus, for the sake of completeness, we shall supply a proof of this
theorem as well.
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Theorem 5.10 (Fesenko). For the Galois sub-extension M/K of L/K, the
square
Gal(L/K)
φ
(ϕ)
L/K
//
resM

U⋄eX(L/K)/UX(L/K)
eNColemanL/M

Gal(M/K)
φ
(ϕ)
M/K
// U⋄eX(M/K)/UX(M/K),
(5.19)
where the right-vertical arrow
N˜ColemanL/M : U
⋄eX(L/K)/UX(L/K) → U⋄eX(M/K)/UX(M/K)
is the Coleman norm map from L to M defined by eq.s (5.17) and (5.18), is
commutative.
Proof. For each σ ∈ Gal(L/K), we have to show that
N˜ColemanL/M
(
φ
(ϕ)
L/K(σ)
)
= φ
(ϕ)
M/K(σ |M ).
Thus, it suffices to prove the congruence
N˜L/M (Uσ) ≡ Uσ|M (mod UX(M/K)),
or equivalently, it suffices to prove that
N˜L/M (Uσ)
N˜L/M (Uσ)ϕ
=
Π
σ|M
ϕ;M/K
Πϕ;M/K
.
Now, without loss of generality, in view of Remark 5.9, the ascending chain of
extensions
K = Eo ⊂ E1 ⊂ · · · ⊂ Ei ⊂ · · · ⊂ L
can be chosen as the basic sequence introduced in the beginning of this section.
Thus, each extension Ei/K is finite and Galois for 0 ≤ i ∈ Z. Now, let Uσ =
(u eEi)0≤i∈Z ∈ U⋄eX(L/K). Then, for each 0 ≤ i ∈ Z,
N˜Ei/Ei∩M (u eEi)
N˜Ei/Ei∩M (u eEi)ϕ
=
N˜Ei/Ei∩M (u eEi)
N˜Ei/Ei∩M (u
ϕeEi)
= N˜Ei/Ei∩M
(
u eEi
uϕeEi
)
.
Now, the equality
u eEi
uϕeEi
=
πσEi
πEi
, which follows from the equation Uσ
Uϕσ
=
Πσϕ;L/K
Πϕ;L/K
,
yields
N˜Ei/Ei∩M (u eEi)
N˜Ei/Ei∩M (u eEi)ϕ
= N˜Ei/Ei∩M
(
πσEi
πEi
)
.
Thus, by the theorem of Koch and de Shalit, it follows that,
N˜Ei/Ei∩M
(
πσEi
πEi
)
=
N˜Ei/Ei∩M (πEi)
σ
N˜Ei/Ei∩M (πEi)
=
π
σ|M
Ei∩M
πEi∩M
,
which proves that
N˜L/M (Uσ)
N˜L/M (Uσ)ϕ
=
Π
σ|M
ϕ;M/K
Πϕ;M/K
.
Now the proof is complete.
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Now, let F/K be a finite sub-extension of L/K. Then, as F is compatible
with (K,ϕ), in the sense of [13] pp. 89, we may fix the Lubin-Tate splitting
over F to be ϕF = ϕK = ϕ. Thus, there exists the chain of field extensions
K ⊆ F ⊆ L ⊆ Kϕ ⊆ Fϕ,
where L is a totally-ramified APF -Galois extension over F by Lemma 3.3. So
there exists the mapping
φ
(ϕ)
L/F : Gal(L/F )→ U
⋄eX(L/F )/UX(L/F )
corresponding to the extension L/F .
For the APF -extension L/F , fix an ascending chain
F = Fo ⊂ F1 ⊂ · · · ⊂ Fi ⊂ · · · ⊂ L
satisfying L =
⋃
0≤i∈Z Fi and [Fi+1 : Fi] < ∞ for every 0 ≤ i ∈ Z. Introduce
the homomorphism
ΛF/K : X˜(L/F )
× → X˜(L/K)× (5.20)
by
ΛF/K : (αF
eNF1/F←−−−− αF1
eNF2/F1←−−−−− · · · ) 7→ (N˜F/K(αF )
eNF/K
←−−−− αF
eNF1/F←−−−− αF1
eNF2/F1←−−−−− · · · ),
(5.21)
for each (αFi)0≤i∈Z ∈ X˜(L/F )
×.
Remark 5.11. It is clear that, the homomorphism
ΛF/K : X˜(L/F )
× → X˜(L/K)×
defined by eq.s (5.20) and (5.21) does not depend on the choice of ascending
chain of fields
F = Fo ⊂ F1 ⊂ · · · ⊂ Fi ⊂ · · · ⊂ L
satisfying L =
⋃
0≤i∈Z Fi and [Fi+1 : Fi] <∞ for every 0 ≤ i ∈ Z.
The basic properties of this group homomorphism are the following
(i) The square
X˜(L/F )
ΛF/K
// X˜(L/K)
X(L/F )
ΛF/K
//
inc.
OO
X(L/K)
inc.
OO
is commutative.
(ii) If U = (u eFi)0≤i∈Z ∈ UeX(L/F ), then ΛF/K(U) ∈ UeX(L/K).
(iii) If U = (u eFi)0≤i∈Z ∈ U⋄eX(L/F ), then ΛF/K(U) ∈ U⋄eX(L/K).
(iv) If U = (uFi)0≤i∈Z ∈ UX(L/F ), then ΛF/K(U) ∈ UX(L/K).
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Thus, the group homomorphism eq. (5.20) defined by eq. (5.21) induces a group
homomorphism
λF/K : U
⋄eX(L/F )/UX(L/F ) → U⋄eX(L/K)/UX(L/K) (5.22)
defined by
λF/K : U 7→ ΛF/K(U).UX(L/K), (5.23)
for every U ∈ U⋄eX(L/F ), where U denotes, as before, the coset U.UX(L/F ) in
U⋄eX(L/F )/UX(L/F ).
The following theorem is stated, in the works of Fesenko [1, 2, 3], without
a proof. Thus, for the sake of completeness, we shall supply a proof of this
theorem as well.
Theorem 5.12 (Fesenko). For the finite sub-extension F/K of L/K, the square
Gal(L/F )
φ
(ϕ)
L/F
//
inc.

U⋄eX(L/F )/UX(L/F )
λF/K

Gal(L/K)
φ
(ϕ)
L/K
// U⋄eX(L/K)/UX(L/K),
(5.24)
where the right-vertical arrow
λF/K : U
⋄eX(L/F )/UX(L/F ) → U⋄eX(L/K)/UX(L/K)
is defined by eq.s (5.22) and (5.23), is commutative.
Proof. For σ ∈ Gal(L/F ), φ
(ϕ)
L/F (σ) = Uσ.UX(L/F ), where Uσ ∈ U
⋄eX(L/F ) satisfies
the equality
Uσ
Uϕσ
=
Πσϕ;L/F
Πϕ;L/F
. (5.25)
Here, Πϕ;L/F is the norm compatible sequence of primes (πFi)0≤i∈Z. Now,
ΛF/K
(
Uσ
Uϕσ
)
=
ΛF/K(Uσ)
ΛF/K(U
ϕ
σ )
=
ΛF/K(Uσ)
ΛF/K(Uσ)ϕ
.
On the other hand, ΛF/K(Πϕ;L/F ) = Πϕ;L/K and ΛF/K(Π
σ
ϕ;L/F ) = Π
σ
ϕ;L/K .
Thus, eq. (5.25) yields
ΛF/K(Uσ)
ΛF/K(Uσ)ϕ
=
Πσϕ;L/K
Πϕ;L/K
,
which shows that
φ
(ϕ)
L/K(σ) = ΛF/K(Uσ).UX(L/K) = λF/K(φ
(ϕ)
L/F (σ)),
completing the proof of the commutativity of the square.
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If L/K is furthermore a finite extension, then the composition
Gal(L/K)
φ
(ϕ)
L/K
//
ιL/K
$$
U⋄eX(L/K)/UX(L/K) PrfK // UK/NL/KUL,
is the Iwasawa-Neukirch map of the extension L/K. Thus, the mapping φ
(ϕ)
L/K
defined for L/K is the generalization of the Iwasawa-Neukirch map ιL/K :
Gal(L/K)→ UK/NL/K(UL) for the totally-ramified APF -Galois sub-extensions
L/K of Kϕ/K.
Likewise, we can extend the definition of the Hazewinkel map hL/K : UK/NL/KUL →
Gal(L/K)ab initially defined for totally-ramified finite Galois extensions L/K
to totally-ramified APF -Galois sub-extensions of Kϕ/K by generalizing Serre
short exact sequence introduced in eq.s (1.1) and (1.2). In order to do so, we
first have to assume that the local field K satisfies the condition
µp(K
sep) = {α ∈ Ksep : αp = 1} ⊂ K, (5.26)
where p = char(κK).
Remark 5.13. If K is a local field of characteristic p = char(κK), the assumption
(5.26) on K is automatically satisfied. For details on the assumption (5.26) on
K, we refer the reader to [1, 2, 3].
In what follows, as before, let L/K be a totally-ramified APF -Galois ex-
tension satisfying eq. (5.1). Under this assumption, there exists a topological
Gal(L/K)-submodule YL/K of U
⋄eX(L/K), such that
(i) UX(L/K) ⊆ YL/K ;
(ii) the composition
Φ
(ϕ)
L/K : Gal(L/K)
φ
(ϕ)
L/K
−−−→ U⋄eX(L/K)/UX(L/K)
cL/K
−−−−−−−−−→
canonical
topol. map
U⋄eX(L/K)/YL/K
is a bijection with the extended Hazewinkel mapH
(ϕ)
L/K : U
⋄eX(L/K)/YL/K →
Gal(L/K) as the inverse.
Now, we shall briefly review the constructions of the topological group YL/K
and the extended Hazewinkel map H
(ϕ)
L/K : U
⋄eX(L/K)/YL/K → Gal(L/K). For
details, we refer the reader to [1, 2, 3], which we follow closely.
Fix a basic ascending chain of sub-extensions in L/K
K = Ko ⊂ K1 ⊂ · · · ⊂ Ki ⊂ · · · ⊂ L. (5.27)
once and for all. Now, introduce the following notation. For each 1 ≤ i ∈ Z,
(i) let σi denote an element of Gal(L˜/K˜) satisfying< σi |Ki>= Gal(Ki/Ki−1);
(ii) let K˜i = KiK˜.
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By abelian local class field theory, for each 1 ≤ k ∈ Z, there exists an injective
homomorphism
ΞKk+1/Kk : Gal(Kk+1/Kk)→ U eKk+1/Uσk+1−1eKk+1 (5.28)
defined by
ΞKk+1/Kk : τ 7→ π
τ−1
Kk+1
U
σk+1−1eKk+1 , (5.29)
for every τ ∈ Gal(Kk+1/Kk). Let im(ΞKk+1/Kk) = T
(L/K)
k = Tk be the isomor-
phic copy of Gal(Kk+1/Kk) in U eKk+1/Uσk+1−1eKk+1 .
Theorem 5.14 (Fesenko). Fix 1 ≤ k ∈ Z. Let
T
(L/K)′
k = T
′
k = Tk ∩
 ∏
1≤i≤k+1
Uσi−1eKk+1
 /Uσk+1−1eKk+1 .
Then the exact sequence
1 //T ′k
//
(∏
1≤i≤k+1 U
σi−1eKk+1
)
/U
σk+1−1eKk+1
eNKk+1/Kk
//
∏
1≤i≤k U
σi−1eKk //
h
(L/K)
k =hk
zz
1
splits by a homomorphism
hk :
∏
1≤i≤k
Uσi−1eKk →
 ∏
1≤i≤k+1
Uσi−1eKk+1
 /Uσk+1−1eKk+1 .
This homomorphism is not unique in general.
For each 1 ≤ k ∈ Z, consider any map
g
(L/K)
k = gk :
∏
1≤i≤k
Uσi−1eKk →
∏
1≤i≤k+1
Uσi−1eKk+1
which makes the triangle ∏
1≤i≤k+1 U
σi−1eKk+1
(mod U
σk+1−1fKk+1 )
∏
1≤i≤k U
σi−1eKk
hk //
gk
99ssssssssssssssssssssss (∏
1≤i≤k+1 U
σi−1eKk+1
)
/U
σk+1−1eKk+1
commutative. Such a map clearly exists. Now, choose, for every 1 ≤ i ∈ Z, a
mapping
f
(L/K)
i = fi : U
σi−1eKi → UeX(L/Ki)
ΛKi/K−−−−→ UeX(L/K)
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which satisfies for each j ∈ Z>i the equality
Pr eKj ◦ fi = (gj−1 ◦ · · · ◦ gi) |Uσi−1fKi ,
where Pr eKj : UeX(L/K) → U eKj denotes the projection on the K˜j-coordinate.
Lemma 5.15 (Fesenko). (i) Let z(i) ∈ im(fi) = Z
(L/K)
i for each 1 ≤ i ∈ Z.
Then the infinite product
∏
i z
(i) converges to an element z in U⋄eX(L/K).
(ii) Let
ZL/K({Ki, fi}) =
 ∏
1≤i∈Z
z(i) : z(i) ∈ im(fi)
 .
Then, ZL/K({Ki, fi}) is a topological subgroup of U
⋄eX(L/K).
Remark 5.16. In fact, ZL/K({Ki, fi}) is a topological subgroup of U
1eX(L/K). Let
z ∈ ZL/K({Ki, fi}) and choose z
(i) ∈ im(fi) ⊂ UeX(L/K) so that z = ∏i z(i). It
suffices to show that Pr eK(z(i)) = 1K . In order to do so, let α(i) ∈ Uσi−1eKi such
that fi(α
(i)) = z(i). Thus, Pr eKi(z(i)) = α(i). Now, by Hilbert 90, it follows
that, N˜Ki/K(α
(i)) = (N˜Ki−1/K ◦ N˜Ki/Ki−1)(α
(i)) = 1K , which completes the
proof.
Lemma 5.17. For 1 ≤ i ∈ Z, let σ = σi ∈ Gal(L˜/K˜) such that < σ |Ki>=
Gal(Ki/Ki−1). Let τ ∈ Gal(L/K) viewed as an element of Gal(L˜/K˜). Then(
Uσ−1eKi
)τ
= Uσ−1eKi .
Proof. Let τ be any element of Gal(L/K). Now consider τ as an element
of Gal(L˜/K˜). Then clearly, the conjugate τ−1στ ∈ Gal(L˜/K˜) satisfies <
τ−1στ |Ki>= Gal(Ki/Ki−1) as
(
τ−1στ |Ki
)n
= idKi yields (σ |Ki)
n
= idKi .
Let 0 < d ∈ Z such that τ−1στ |Ki= (σ |Ki)
d = (σd) |Ki . Thus τ
−1στσ−d ∈
Gal(L˜/K˜i) as K˜i = K˜Ki. It then follows that
U τ
−1στ−1eKi = Uσ
d−1eKi .
As U τ
−1στ−1eKi = U
τ−1(σ−1)τeKi =
(
Uσ−1eKi
)τ
, the equality(
Uσ−1eKi
)τ
= Uσ
d−1eKi
follows as well. Now, the inclusion
Uσ
d−1eKi ⊆ Uσ−1eKi
is clear, because, for u ∈ U eKi ,
uσ
d
u
=
(
uσ
d−1
)σ
uσd−1
· · ·
(uσ)
σ
uσ
uσ
u
.
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Thus, for τ ∈ Gal(L/K), the inclusion
(
Uσ−1eKi
)τ
⊆ Uσ−1eKi follows. Hence, for
τ ∈ Gal(L/K), (
Uσ−1eKi
)τ
= Uσ−1eKi
completing the proof.
Now, let τ ∈ Gal(L/K). Consider the element τ−1σiτ of Gal(L˜/K˜) for each
1 ≤ i ∈ Z. Then clearly, < τ−1σiτ |Ki>= Gal(Ki/Ki−1). By abelian local class
field theory and by Lemma 5.17, the square
Gal(Ki/Ki−1)
ΞKi/Ki−1
//
τ -conjugation

U eKi/Uσi−1eKi
τ

Gal(Ki/Ki−1)
ΞKi/Ki−1
// U eKi/Uσi−1eKi
is commutative, where the τ -conjugation map Gal(Ki/Ki−1)→ Gal(Ki/Ki−1)
is defined by γ 7→ τ−1γτ for every γ ∈ Gal(Ki/Ki−1). Thus, it follows that
im
(
ΞKi/Ki−1
)τ
= im
(
ΞKi/Ki−1
)
.
Now, following Theorem 5.14, for
T τi = Ti = im(ΞKi+1/Ki)
and
(T ′i )
τ = T τi ∩
 ∏
1≤j≤i+1
U
τ−1σjτ−1eKi+1
 /U τ−1σi+1τ−1eKi+1 ,
the exact sequence
1 //(T ′i )
τ //
(∏
1≤j≤i+1 U
τ−1σjτ−1eKi+1
)
/U
τ−1σi+1τ−1eKi+1
eNKi+1/Ki
//
∏
1≤j≤i U
τ−1σjτ−1eKi //
(h
(L/K)
i )
τ=hτi
xx
1
splits by a homomorphism
hτi :
∏
1≤j≤i
U
τ−1σjτ−1eKi →
 ∏
1≤j≤i+1
U
τ−1σjτ−1eKi+1
 /U τ−1σi+1τ−1eKi+1 ,
and which furthermore makes the diagram
1 // T ′i
//
τ

(∏
1≤j≤i+1 U
σj−1eKi+1
)
/U
σi+1−1eKi+1
eNKi+1/Ki
//
τ

∏
1≤j≤i U
σj−1eKi //
h
(L/K)
i =hi
ww
τ

1
1 // (T ′i )
τ //
(∏
1≤j≤i+1 U
τ−1σjτ−1eKi+1
)
/U
τ−1σi+1τ−1eKi+1
eNKi+1/Ki
//
∏
1≤j≤i U
τ−1σjτ−1eKi //
(h
(L/K)
i )
τ=hτi
gg
1
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commutative. Thus, it follows that, there exists a map
gτi :
∏
1≤j≤i
U
τ−1σjτ−1eKi →
∏
1≤j≤i+1
U
τ−1σjτ−1eKi+1
which makes the following diagram
Q
1≤j≤i+1 U
τ−1σjτ−1fKi+1
(mod U
σi+1−1fKi+1 )

Q
1≤j≤i+1 U
σj−1fKi+1
(mod U
σi+1−1fKi+1 )

τpp
Q
1≤j≤i U
τ−1σjτ−1fKi
hτi //
gτi
11
„Q
1≤j≤i+1 U
τ−1σjτ−1fKi+1
«
/U
σi+1−1fKi+1
Q
1≤j≤i U
σj−1fKi
hi //
gi
;;
τ
nn
„Q
1≤j≤i+1 U
σj−1fKi+1
«
/U
σi+1−1fKi+1
τ
ll
commutative. Now, for every 1 ≤ i ∈ Z, choose a mapping
f τi : U
σi−1eKi → UeX(L/K)
which satisfies for each j ∈ Z>i the equality
Pr eKj ◦ f τi = (gτj−1 ◦ · · · ◦ gτi ) |Uσi−1fKi .
Thus, for j ∈ Z>i, and for α ∈ U
σi−1eKi ,
Pr eKj ◦ f τi (α) =
(
Pr eKj ◦ fi(ατ
−1
)
)τ
,
which yields the following relationship
f τi (α) = fi
(
ατ
−1
)τ
, (5.30)
for every α ∈ Uσi−1eKi . After all these observations, an immediate consequence of
Lemma 5.17 is the following corollary.
Corollary 5.18. For τ ∈ Gal(L/K),
ZL/K({Ki, fi})
τ = ZL/K({Ki, f
τ
i }).
Proof. Let z ∈ ZL/K({Ki, fi}) and choose z
(i) ∈ im(fi) ⊂ UeX(L/K) such that
z =
∏
i z
(i). By the continuity of the action of Gal(L/K) on UeX(L/K), to
prove that zτ ∈ ZL/K({Ki, f
τ
i }), it suffices to show that
(
z(i)
)τ
∈ im(f τi ).
Now, let α(i) ∈ Uσi−1eKi such that fi(α(i)) = z(i). Then,
(
z(i)
)τ
= fi
(
α(i)
)τ
=
fi
(
((α(i))τ )τ
−1
)τ
= f τi
(
(α(i))τ
)
by eq. (5.30), where by the previous Lemma
5.17,
(
α(i)
)τ
∈ Uσi−1eKi . Thus,
(
z(i)
)τ
∈ im(f τi ).
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Remark 5.19. By pp. 71 of [2], for τ ∈ Gal(L/K), ZL/K ({Ki, fi}) and ZL/K ({Ki, f
τ
i })
are algebraically and topologically isomorphic. Thus, Corollary 5.18 indeed de-
fines a continuous action of Gal(L/K) on ZL/K ({Ki, fi}).
Now, define the topological subgroup YL/K ({Ki, fi}) = YL/K of U
⋄eX(L/K) to
be
YL/K =
{
y ∈ UeX(L/K) : y1−ϕ ∈ ZL/K({Ki, fi})
}
. (5.31)
Lemma 5.20. YL/K is a topological Gal(L/K)-submodule of U
⋄eX(L/K).
Proof. Let τ ∈ Gal(L/K) and y ∈ YL/K . Note that, (y
τ )ϕ = (yϕ)τ , as the
action of τ on y = (u eKi)0≤i∈Z is defined by the action of τ on the “Ki-part” of
u eKi for each 0 ≤ i ∈ Z, and the action of ϕ on y = (u eKi)0≤i∈Z is defined by the
action of ϕ on the “K˜-part” of u eKi for each 0 ≤ i ∈ Z. Thus, y
τ
(yτ )ϕ =
yτ
(yϕ)τ =(
y
yϕ
)τ
∈ ZL/K({Ki, fi})
τ . Now, the proof follows from Corollary 5.18 and by
Remark 5.19.
Lemma 5.21 (Fesenko). The mapping
ℓ
(ϕ)
L/K : Gal(L/K)→ U
1eX(L/K)/ZL/K({Ki, fi})
defined by
ℓ
(ϕ)
L/K : σ 7→ Π
σ−1
ϕ;L/K .ZL/K({Ki, fi}),
for every σ ∈ Gal(L/K), is a group isomorphism, where the group operation ∗
on U1eX(L/K)/ZL/K({Ki, fi}) is defined by
U ∗ V = U.V
(ℓ
(ϕ)
L/K
)−1(U)
for every U = U.ZL/K({Ki, fi}), V = V.ZL/K({Ki, fi}) ∈ U
1eX(L/K)/ZL/K({Ki, fi})
with U, V ∈ U1eX(L/K).
Now, introduce the fundamental exact sequence as
1→ Gal(L/K)
ℓ
(ϕ)
L/K
−−−→ UeX(L/K)/ZL/K({Ki, fi}) PrfK−−−→ U eK → 1
as a generalization of Serre short exact sequence (cf. eq.s (1.1) and (1.2)). Thus,
for any U ∈ U⋄eX(L/K), as U1−ϕ ∈ U1eX(L/K), there exists a unique σU ∈ Gal(L/K)
satisfying
U1−ϕ.ZL/K({Ki, fi}) = ℓ
(ϕ)
L/K(σU ), (5.32)
by Lemma 5.21. Now, define the arrow
H
(ϕ)
L/K : U
⋄eX(L/K)/YL/K → Gal(L/K) (5.33)
by
H
(ϕ)
L/K : U.YL/K 7→ σU , (5.34)
for every U ∈ U⋄eX(L/K). This arrow is clearly a well-defined mapping. In fact,
suppose that U, V ∈ U⋄eX(L/K) satisfy U ≡ V (mod YL/K). Then σU = σV . In
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fact, let Y ∈ YL/K such that U = V.Y . The definition of YL/K given in eq. (5.31)
forces that Y 1−ϕ ∈ ZL/K({Ki, fi}). Thus, the equalities U
1−ϕ = (V.Y )1−ϕ =
V 1−ϕY 1−ϕ yield U1−ϕZL/K({Ki, fi}) = V
1−ϕZL/K({Ki, fi}), which shows
that ℓ
(ϕ)
L/K(σU ) = ℓ
(ϕ)
L/K(σV ) by eq. (5.32). Now, by Lemma 5.21, it follows
that σU = σV .
Lemma 5.22. Suppose that the local field K satisfies the condition given in eq.
(5.26). The arrow
H
(ϕ)
L/K : U
⋄eX(L/K)/YL/K → Gal(L/K)
defined for the extension L/K is a bijection.
Proof. Choose U, V ∈ U⋄eX(L/K) satisfying H(ϕ)L/K(U.YL/K) = H(ϕ)L/K(V.YL/K).
Thus, σU = σV by the definition eq. (5.34) of the arrow given in eq. (5.33).
Now, eq. (5.32) yields
U1−ϕ.ZL/K({Ki, fi}) = V
1−ϕ.ZL/K({Ki, fi}),
which proves that (V −1U)1−ϕ ∈ ZL/K({Ki, fi}). The equality U.YL/K =
V.YL/K follows immediately by eq. (5.31). Now, choose any σ ∈ Gal(L/K).
By Theorem 5.5, there exists U ∈ U⋄eX(L/K) which is unique modulo UX(L/K) (so
unique modulo YL/K as UX(L/K) ⊆ YL/K), such that
Πσ−1ϕ;L/K .ZL/K({Ki, fi}) = U
1−ϕ.ZL/K({Ki, fi}).
Thus, by Theorem 5.21 and by eq. (5.32),
ℓ
(ϕ)
L/K(σ) = ℓ
(ϕ)
L/K(σU ),
which forces the equality σ = σU for U ∈ U⋄eX(L/K).
Now, consider the composition of the arrows
Φ
(ϕ)
L/K : Gal(L/K)
φ
(ϕ)
L/K
−−−→ U⋄eX(L/K)/UX(L/K)
cL/K
−−−→ U⋄eX(L/K)/YL/K. (5.35)
Lemma 5.23. There are the following equalities.
(i) UσU .YL/K = U.YL/K for every U ∈ U
⋄eX(L/K);
(ii) σUσ = σ for every σ ∈ Gal(L/K).
Proof. To prove (i), let U ∈ U⋄eX(L/K). Then, by eq. (5.32), there exists a unique
σU ∈ Gal(L/K) satisfying
U1−ϕ.ZL/K({Ki, fi}) = ℓ
(ϕ)
L/K(σU ) = Π
σU−1
ϕ;L/K .ZL/K({Ki, fi}). (5.36)
The equality on the right-hand-side follows from the definition of the mapping
ℓ
(ϕ)
L/K : Gal(L/K) → U
1eX(L/K)/ZL/K({Ki, fi}) given in Lemma 5.21. Now, by
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Lemma 5.5, for this σU ∈ Gal(L/K), there exists UσU ∈ U
⋄eX(L/K), which is
unique modulo UX(L/K), satisfying
U1−ϕσU = Π
σU−1
ϕ;L/K .
Thus,
U1−ϕσU .ZL/K({Ki, fi}) = U
1−ϕ.ZL/K({Ki, fi}),
by eq. (5.36), which proves that
UσU .YL/K = U.YL/K , (5.37)
by the definition of YL/K given in eq. (5.31). Moreover, as UX(L/K) ⊆ YL/K ,
this equality (5.37) does not depend on the choice of UσU modulo UX(L/K). Now,
for (ii), let σ ∈ Gal(L/K). By Lemma 5.5, there exists Uσ ∈ U⋄eX(L/K), which is
unique modulo UX(L/K), such that
U1−ϕσ = Π
σ−1
ϕ;L/K . (5.38)
For any such Uσ ∈ U⋄eX(L/K), there exists a unique σUσ ∈ Gal(L/K) satisfying
U1−ϕσ .ZL/K({Ki, fi}) = ℓ
(ϕ)
L/K(σUσ )
by eq. (5.32). Thus, by eq. (5.38) and Lemma 5.21, it follows that
ℓ
(ϕ)
L/K(σUσ ) = Π
σ−1
ϕ;L/K .ZL/K({Ki, fi}) = ℓ
(ϕ)
L/K(σ),
which proves that σUσ = σ.
Lemma 5.23 immediately yields
H
(ϕ)
L/K ◦ Φ
(ϕ)
L/K = idGal(L/K);
and
Φ
(ϕ)
L/K ◦H
(ϕ)
L/K = idU⋄eX(L/K)/YL/K .
The following theorem follows from Lemma 5.22, Lemma 5.23, Theorem 5.6 and
from the fact that UX(L/K) is a topological Gal(L/K)-submodule of YL/K .
Theorem 5.24 (Fesenko). Suppose that the local field K satisfies the condition
given in eq. (5.26). The mapping
Φ
(ϕ)
L/K : Gal(L/K)→ U
⋄eX(L/K)/YL/K
defined for the extension L/K is a bijection with the inverse
H
(ϕ)
L/K : U
⋄eX(L/K)/YL/K → Gal(L/K).
For every σ, τ ∈ Gal(L/K),
Φ
(ϕ)
L/K(στ) = Φ
(ϕ)
L/K(σ)Φ
(ϕ)
L/K(τ)
σ (5.39)
co-cycle condition is satisfied.
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By Corollary 5.7, Theorem 5.24 has the following consequence.
Corollary 5.25. Define a law of composition ∗ on U⋄eX(L/K)/YL/K by
U ∗ V = U.V
(Φ
(ϕ)
L/K
)−1(U)
(5.40)
for every U = U.YL/K , V = V.YL/K ∈ U
⋄eX(L/K)/YL/K with U, V ∈ U⋄eX(L/K).
Then U⋄eX(L/K)/YL/K is a topological group under ∗, and the map Φ(ϕ)L/K induces
an isomorphism of topological groups
Φ
(ϕ)
L/K : Gal(L/K)
∼
−→ U⋄eX(L/K)/YL/K , (5.41)
where the topological group structure on U⋄eX(L/K)/YL/K is defined with respect
to the binary operation ∗ defined by eq. (5.40).
Definition 5.26. Let K be a local field satisfying the condition given in eq.
(5.26). Let L/K be a totally-ramifiedAPF -Galois extension satisfying eq. (5.1).
The mapping
Φ
(ϕ)
L/K : Gal(L/K)→ U
⋄eX(L/K)/YL/K ,
defined in Theorem 5.24, is called the Fesenko reciprocity map for the extension
L/K.
For each 0 ≤ i ∈ R, we have previously introduced the groups
(
U⋄eX(L/K)
)i
.
For 0 ≤ n ∈ Z, let
QnL/K = cL/K
((
U⋄eX(L/K)
)n
UX(L/K)/UX(L/K) ∩ im(φ
(ϕ)
L/K)
)
, (5.42)
which is a subgroup of
(
U⋄eX(L/K)
)n
YL/K/YL/K . Now, Fesenko ramification
theorem, stated in Theorem 5.8, can be reformulated for the reciprocity map
Φ
(ϕ)
L/K corresponding to the extension L/K as follows.
Theorem 5.27 (Ramification theorem). Suppose that the local field K satisfies
the condition given in eq. (5.26). For 0 ≤ n ∈ Z, let Gal(L/K)n denote the nth
higher ramification subgroup of the Galois group Gal(L/K) corresponding to the
APF -Galois sub-extension L/K of Kϕ/K in the lower numbering. Then, there
exists the inclusion
Φ
(ϕ)
L/K (Gal(L/K)n −Gal(L/K)n+1) ⊆
(
U⋄eX(L/K)
)n
YL/K/YL/K −Q
n+1
L/K .
Proof. Let τ ∈ Gal(L/K)n. The first half of the proof of Proposition 1 in
[2] shows that Φ
(ϕ)
L/K(τ) ∈
(
U⋄eX(L/K)
)n
YL/K/YL/K . Now, let U = U.YL/K ∈
Qn+1L/K , where U ∈ U
⋄eX(L/K). Then, by the definition of Qn+1L/K , there exists
V ∈
(
U⋄eX(L/K)
)n+1
UX(L/K) and τ ∈ Gal(L/K) such that cL/K(V ) = U and
φ
(ϕ)
L/K(τ) = V , where V = V.UX(L/K). So, Φ
(ϕ)
L/K(τ) = U . The second half of the
proof of Proposition 1 in [2] now proves that τ ∈ Gal(L/K)n+1.
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Now, let M/K be a Galois sub-extension of L/K. Thus, there exists the
chain of field extensions
K ⊆M ⊆ L ⊆ Kϕ,
where M is a totally-ramified APF -Galois extension over the local field K
satisfying the condition given in eq. (5.26) by Lemma 3.3.
Now, the basic ascending chain of sub-extensions in L/K fixed in eq. (5.27)
restricted to M
K = Ko ∩M ⊆ K1 ∩M ⊆ · · · ⊆ Ki ∩M ⊆ · · · ⊆ L ∩M =M (5.43)
is almost a basic ascending chain of sub-extensions inM/K (almost in the sense
that, there may exist elements 0 ≤ i ∈ Z such that Ki ∩M = Ki+1 ∩M). In
fact, for each 0 ≤ i ∈ Z, the extension Ki ∩M/K is clearly Galois. For each
0 ≤ i ∈ Z, consider the surjective homomorphism
rKi+1∩M : Gal(Ki+1/Ki)։ Gal(Ki+1 ∩M/Ki ∩M)
defined by the restriction to Ki+1 ∩M as
σ 7→ σ |Ki+1∩M
for every σ ∈ Gal(Ki+1/Ki). As Gal(Ki+1/Ki) is cyclic of prime order p =
char(κK) (resp. of order relatively prime to p) in case 1 ≤ i ∈ Z (resp. in case
i = 0), it follows that Gal(Ki+1 ∩M/Ki ∩M) is cyclic of order p or 1 (resp.
of order relatively prime to p) in case 1 ≤ i ∈ Z (resp. in case i = 0). Now fix
this almost basic ascending chain of sub-extensions in M/K introduced in eq.
(5.43). Observe that, for each 1 ≤ i ∈ Z, σi |fM∈ Gal(M˜/K˜) satisfies
< (σi |fM ) |Ki∩M= σi |Ki∩M>= Gal(Ki ∩M/Ki−1 ∩M)
as the restriction map rKi∩M : Gal(Ki/Ki−1) ։ Gal(Ki ∩ M/Ki−1 ∩M) is
a surjective homomorphism and < σi |Ki>= Gal(Ki/Ki−1). As usual, we set
K˜i ∩M = (Ki ∩M)K˜. Note that, for each 1 ≤ k ∈ Z, the norm map
N˜Kk+1/Kk+1∩M : U eKk+1 → U ˜Kk+1∩M
induces a homomorphism
N˜∗Kk+1/Kk+1∩M : U eKk+1/Uσk+1−1eKk+1 → U ˜Kk+1∩M/U
σk+1|fM−1
˜Kk+1∩M
,
defined by
N˜∗Kk+1/Kk+1∩M : u.U
σk+1−1eKk+1 7→ N˜Kk+1/Kk+1∩M (u).U
σk+1|fM−1
˜Kk+1∩M
,
for every u ∈ U eKk+1 , as N˜Kk+1/Kk+1∩M
(
U
σk+1−1eKk+1
)
⊆ U
σk+1|fM−1
˜Kk+1∩M
. Thus, the
following square, where the upper and lower horizontal arrows are defined by
eq.s (5.28) and (5.29),
Gal(Kk+1/Kk)
ΞKk+1/Kk
//
rKk+1∩M

U eKk+1/Uσk+1−1eKk+1
eN∗Kk+1/Kk+1∩M

Gal(Kk+1 ∩M/Kk ∩M)
ΞKk+1∩M/Kk∩M
// U ˜Kk+1∩M
/U
σk+1|fM−1
˜Kk+1∩M
,
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is commutative, as N˜Kk+1/Kk+1∩M (πKk+1) = πKk+1∩M by the norm coherence
of the Lubin-Tate labelling (πK′)K ⊆ K ′︸ ︷︷ ︸
[K′:K]<∞
⊂Kϕ
. Hence,
N˜∗Kk+1/Kk+1∩M
(
T
(L/K)
k
)
= T
(M/K)
k .
Now, we shall define an arrow
h
(M/K)
k :
∏
1≤i≤k
U
σi|fM−1
K˜k∩M
→
 ∏
1≤i≤k+1
U
σi|fM−1
˜Kk+1∩M
 /Uσk+1|fM−1
˜Kk+1∩M
(5.44)
which splits the exact sequence
1 //T
(M/K)′
k
//
(∏
1≤i≤k+1 U
σi|fM−1
˜Kk+1∩M
)
/U
σk+1|fM−1
˜Kk+1∩M
eNKk+1∩M/Kk∩M
//
∏
1≤i≤k U
σi|fM−1
K˜k∩M
//
h
(M/K)
k
xx
1
(5.45)
in such a way that
(∏
1≤i≤k+1 U
σi−1eKk+1
)
/U
σk+1−1eKk+1
eNKk+1/Kk
//
eN∗Kk+1/Kk+1∩M

∏
1≤i≤k U
σi−1eKk
h
(L/K)
k
xx
eNKk/Kk∩M
(∏
1≤i≤k+1 U
σi|fM−1
˜Kk+1∩M
)
/U
σk+1|fM−1
˜Kk+1∩M
eNKk+1∩M/Kk∩M
//
∏
1≤i≤k U
σi|fM−1
K˜k∩M
h
(M/K)
k
gg
(5.46)
is a commutative square. In order to do so, however, closely following Fesenko
([1, 2, 3]), let us review the construction of a splitting
h
(L/K)
k :
∏
1≤i≤k
Uσi−1eKk →
 ∏
1≤i≤k+1
Uσi−1eKk+1
 /Uσk+1−1eKk+1
of the short exact sequence
1 //T
(L/K)′
k
//
(∏
1≤i≤k+1 U
σi−1eKk+1
)
/U
σk+1−1eKk+1
eNKk+1/Kk
//
∏
1≤i≤k U
σi−1eKk //
h
(L/K)
k
zz
1.
(5.47)
The product module
∏
1≤i≤k U
σi−1eKk is a closed Zp-submodule of U1eKk . Let {λj}
be a system of topological multiplicative generators of the topological Zp-module∏
1≤i≤k U
σi−1eKk satisfying the following property. If the torsion
(∏
1≤i≤k U
σi−1eKk
)
tor
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of the module
∏
1≤i≤k U
σi−1eKk is non-trivial, there exists λ∗ ∈ {λj} of order pm
in the torsion of the module while the remaining λj (j 6= ∗) are topologically
independent over Zp. Now, define a map
h
(L/K)
k : {λj} →
 ∏
1≤i≤k+1
Uσi−1eKk+1
 /Uσk+1−1eKk+1
on the topological generators {λj} by
h
(L/K)
k : λj 7→ uj .U
σk+1−1eKk+1 ,
where uj ∈
∏
1≤i≤k+1 U
σi−1eKk+1 satisfies N˜Kk+1/Kk(uj) = λj . It then follows by
step 5 of the proof of the Theorem in Section 3 of [3] that, h
(L/K)
k (λ∗)
pm ∈
U
σk+1−1eKk+1 . Therefore, the arrow h
(L/K)
k extends uniquely to a homomorphism
h
(L/K)
k :
∏
1≤i≤k
Uσi−1eKk →
 ∏
1≤i≤k+1
Uσi−1eKk+1
 /Uσk+1−1eKk+1 ,
which is a splitting of the short exact sequence given by eq. (5.47). Now, define
h
(M/K)
k :
∏
1≤i≤k
U
σi|fM−1
K˜k∩M
→
 ∏
1≤i≤k+1
U
σi|fM−1
˜Kk+1∩M
 /Uσk+1|fM−1
˜Kk+1∩M
as follows. Note that,
N˜Kk/Kk∩M :
∏
1≤i≤k
Uσi−1eKk →
∏
1≤i≤k
U
σi|fM−1
K˜k∩M
is a surjective homomorphism, as N˜Kk/Kk∩M : U eKk → UK˜k∩M is a surjective
homomorphism. Thus, the collection {N˜Kk/Kk∩M (λj)} is a system of topo-
logical multiplicative generators of the topological Zp-module
∏
1≤i≤k U
σi|fM−1
K˜k∩M
.
Moreover, note that N˜Kk/Kk∩M (λ∗)
pm = 1. Thus, N˜Kk/Kk∩M (λ∗) is in the
torsion-part
(∏
1≤i≤k U
σi|fM−1
K˜k∩M
)
tor
. For the remaining λj (j 6= ∗), the collec-
tion
{
N˜Kk/Kk∩M (λj)
}
j 6=∗
is topologically independent over Zp. Now, following
Fesenko’s construction of h
(L/K)
k , define a map
h
(M/K)
k :
{
N˜Kk/Kk∩M (λj)
}
→
 ∏
1≤i≤k+1
U
σi|fM−1
˜Kk+1∩M
 /Uσk+1|fM−1
˜Kk+1∩M
on the topological generators
{
N˜Kk/Kk∩M (λj)
}
by
h
(M/K)
k : N˜Kk/Kk∩M (λj) 7→ N˜Kk+1/Kk+1∩M (uj).U
σk+1|fM−1
˜Kk+1∩M
, (5.48)
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where uj ∈
∏
1≤i≤k+1 U
σi−1eKk+1 satisfies N˜Kk+1/Kk(uj) = λj , and thereby N˜Kk+1/Kk+1∩M (uj)
satisfies
N˜Kk+1∩M/Kk∩M
(
N˜Kk+1/Kk+1∩M (uj)
)
= N˜Kk+1/Kk∩M (uj)
= N˜Kk/Kk∩M
(
N˜Kk+1/Kk(uj)
)
= N˜Kk/Kk∩M (λj).
Therefore, the arrow h
(M/K)
k extends uniquely to a homomorphism
h
(M/K)
k :
∏
1≤i≤k
U
σi|fM−1
K˜k∩M
→
 ∏
1≤i≤k+1
U
σi|fM−1
˜Kk+1∩M
 /Uσk+1|fM−1
˜Kk+1∩M
,
which is a splitting of the short exact sequence given by eq. (5.45). In fact, it
suffices to show that, for uj ∈
∏
1≤i≤k+1 U
σi−1eKk+1 satisfying N˜Kk+1/Kk(uj) = λj ,
h
(M/K)
k ◦N˜Kk+1∩M/Kk∩M : N˜Kk+1/Kk+1∩M (uj)U
σk+1|fM−1
˜Kk+1∩M
7→ N˜Kk+1/Kk+1∩M (uj)U
σk+1|fM−1
˜Kk+1∩M
,
which follows from the equalities
h
(M/K)
k
(
N˜Kk+1∩M/Kk∩M (N˜Kk+1/Kk+1∩M (uj))
)
= h
(M/K)
k (N˜Kk+1/Kk∩M (uj))
= h
(M/K)
k (N˜Kk/Kk∩M (N˜Kk+1/Kk(uj)))
= h
(M/K)
k (N˜Kk/Kk∩M (λj))
and by the definition of the arrow h
(M/K)
k given by eq. (5.48). Moreover, the
diagram (5.46) commutes, which follows from the equality
h
(M/K)
k (N˜Kk/Kk∩M (λj)) = N˜Kk+1/Kk+1∩M (uj)U
σk+1|fM−1
˜Kk+1∩M
= N˜∗Kk+1/Kk+1∩M (uj .U
σk+1−1eKk+1 )
= N˜∗Kk+1/Kk+1∩M (h
(L/K)
k (λj)).
For each 1 ≤ k ∈ Z, consider any map
g
(M/K)
k :
∏
1≤i≤k
U
σi|fM−1
K˜k∩M
→
∏
1≤i≤k+1
U
σi|fM−1
˜Kk+1∩M
(5.49)
which commutes the following square
∏
1≤i≤k U
σi−1eKk
g
(L/K)
k //
eNKk/Kk∩M

∏
1≤i≤k+1 U
σi−1eKk+1
eNKk+1/Kk+1∩M
∏
1≤i≤k U
σi|fM−1
K˜k∩M
g
(M/K)
k //
∏
1≤i≤k+1 U
σi|fM−1
˜Kk+1∩M
.
(5.50)
Note that, such a map satisfies
h
(M/K)
k = g
(M/K)
k mod U
σk+1|fM−1
˜Kk+1∩M
.
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In fact, by the commutative diagram (5.46), for any w ∈
∏
1≤i≤k U
σi|fM−1
K˜k∩M
, there
exists v ∈
∏
1≤i≤k U
σi−1eKk such that w = N˜Kk/Kk∩M (v), and
h
(M/K)
k (w) = h
(M/K)
k
(
N˜Kk/Kk∩M (v)
)
= N˜∗Kk+1/Kk+1∩M
(
h
(L/K)
k (v)
)
= N˜∗Kk+1/Kk+1∩M
(
g
(L/K)
k (v).U
σk+1−1eKk+1
)
= N˜Kk+1/Kk+1∩M
(
g
(L/K)
k (v)
)
.U
σk+1|fM−1
˜Kk+1∩M
,
and by the commutativity of the diagram (5.50),
N˜Kk+1/Kk+1∩M
(
g
(L/K)
k (v)
)
= g
(M/K)
k
(
N˜Kk/Kk∩M (v)
)
= g
(M/K)
k (w).
Thus, the equality
h
(M/K)
k (w) = g
(M/K)
k (w).U
σk+1|fM−1
˜Kk+1∩M
follows for every w ∈
∏
1≤i≤k U
σi|fM−1
K˜k∩M
.
Now, for each 1 ≤ i ∈ Z, introduce the map
f
(M/K)
i : U
σi|fM−1
K˜i∩M
→ UeX(M/K)
by
f
(M/K)
i (w) = N˜L/M
(
f
(L/K)
i (v)
)
,
where v ∈ Uσi−1eKi is any element satisfying N˜Ki/Ki∩M (v) = w ∈ U
σi|fM−1
K˜i∩M
. Note
that, if v′ ∈ Uσi−1eKi such that N˜Ki/Ki∩M (v′) = w, then N˜L/M
(
f
(L/K)
i (v)
)
=
N˜L/M
(
f
(L/K)
i (v
′)
)
. In fact, there exists u ∈ ker
(
N˜Ki/Ki∩M
)
such that v′ =
vu. Thus, we have to verify that N˜L/M
(
f
(L/K)
i (v)
)
= N˜L/M
(
f
(L/K)
i (vu)
)
.
That is, for each 1 ≤ j ∈ Z, we have to check that N˜Kj/Kj∩M
(
Pr eKj (f (L/K)i (v))
)
=
N˜Kj/Kj∩M
(
Pr eKj (f (L/K)i (vu))
)
. Now, for j > i, it follows that
N˜Kj/Kj∩M
(
Pr eKj (f (L/K)i (v))
)
= N˜Kj/Kj∩M
(
g
(L/K)
j−1 ◦ · · · ◦ g
(L/K)
i (v)
)
= g
(M/K)
j−1 ◦ · · · ◦ g
(M/K)
i
(
N˜Ki/Ki∩M (v)
)
= g
(M/K)
j−1 ◦ · · · ◦ g
(M/K)
i
(
N˜Ki/Ki∩M (vu)
)
= N˜Kj/Kj∩M
(
g
(L/K)
j−1 ◦ · · · ◦ g
(L/K)
i (vu)
)
= N˜Kj/Kj∩M
(
Pr eKj (f (L/K)i (vu))
)
.
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Thus, the map
f
(M/K)
i : U
σi|fM−1
K˜i∩M
→ UeX(M/K)
is well-defined. Moreover, for j > i,
Pr
K˜j∩M
◦ f
(M/K)
i =
(
g
(M/K)
j−1 ◦ · · · ◦ g
(M/K)
i
)
|
U
σi|fM−1
K˜i∩M
.
In fact, for w ∈ U
σi|fM−1
K˜i∩M
, there exists v ∈ Uσi−1eKi such that N˜Ki/Ki∩M (v) = w,
and f
(M/K)
i (w) = N˜L/M
(
f
(L/K)
i (v)
)
. That is, the following square
Uσi−1eKi
f
(L/K)
i //
eNKi/Ki∩M

UeX(L/K)
eNL/M

U
σi|fM−1
K˜i∩M
f
(M/K)
i // UeX(M/K)
(5.51)
is commutative. Thus,
Pr
K˜j∩M
◦ f
(M/K)
i (w) = PrK˜j∩M
◦ N˜L/M
(
f
(L/K)
i (v)
)
= N˜Kj/Kj∩M
(
Pr eKj ◦ f (L/K)i (v)
)
= N˜Kj/Kj∩M
(
(g
(L/K)
j−1 ◦ · · · ◦ g
(L/K)
i )(v)
)
=
(
g
(M/K)
j−1 ◦ · · · ◦ g
(M/K)
i
)(
N˜Ki/Ki∩M (v)
)
,
which is the desired equality.
Let, for each 0 < i ∈ Z,
Z
(M/K)
i = im(f
(M/K)
i ).
Then, by Lemma 5.15 or by Lemma 4 of [2], for z(i) ∈ Z
(M/K)
i , the product∏
i z
(i) converges to an element in U⋄eX(M/K). Let
ZM/K
(
{Ki ∩M, f
(M/K)
i }
)
=
{∏
i
z(i) : z(i) ∈ Z
(M/K)
i
}
,
which is a topological subgroup of U⋄eX(M/K). Introduce the topologicalGal(M/K)-
submodule YM/K
(
{Ki ∩M, f
(M/K)
i }
)
= YM/K of U
⋄eX(M/K) by
YM/K =
{
y ∈ UeX(M/K) : y1−ϕ ∈ ZM/K
(
{Ki ∩M, f
(M/K)
i }
)}
.
Lemma 5.28. The norm map N˜L/M : X˜(L/K)× → X˜(M/K)× introduced by
eq.s (5.15) and (5.16) further satisfies
(i) N˜L/M
(
ZL/K({Ki, f
(L/K)
i })
)
⊆ ZM/K
(
{Ki ∩M, f
(M/K)
i }
)
;
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(ii) N˜L/M (YL/K) ⊆ YM/K .
Proof. Recall that, N˜L/M : X˜(L/K)× → X˜(M/K)× is a continuous mapping.
(i) For any choice of z(i) ∈ Z
(L/K)
i , the continuity of the multiplicative arrow
N˜L/M : X˜(L/K)× → X˜(M/K)× yields
N˜L/M
(∏
i
z(i)
)
=
∏
i
N˜L/M (z
(i)),
where N˜L/M (z
(i)) ∈ Z
(M/K)
i by the commutative square (5.51).
(ii) Now let y ∈ YL/K . Then, y
1−ϕ ∈ ZL/K({Ki, f
(L/K)
i }). Thus, N˜L/M (y
1−ϕ) =
N˜L/M (y)
1−ϕ ∈ ZM/K
(
{Ki ∩M, f
(M/K)
i }
)
by part (i). Now the result
follows.
Thus, the norm map N˜L/M : X˜(L/K)× → X˜(M/K)× of eq. (5.15) defined
by eq. (5.16) induces a group homomorphism, which will again be called the
Coleman norm map from L to M ,
N˜ColemanL/M : U
⋄eX(L/K)/YL/K → U⋄eX(M/K)/YM/K (5.52)
and defined by
N˜ColemanL/M (U) = N˜L/M (U).YM/K , (5.53)
for every U ∈ U⋄eX(L/K), where U denotes, as usual, the coset U.YL/K in U⋄eX(L/K)/YL/K .
Let
Φ
(ϕ)
M/K : Gal(M/K)→ U
⋄eX(M/K)/YM/K
be the corresponding Fesenko reciprocity map defined for the extension M/K,
where YM/K = YM/K
(
{Ki ∩M, f
(M/K)
i }
)
.
Theorem 5.29. For the Galois sub-extension M/K of L/K, the square
Gal(L/K)
Φ
(ϕ)
L/K
//
resM

U⋄eX(L/K)/YL/K
eNColemanL/M

Gal(M/K)
Φ
(ϕ)
M/K
// U⋄eX(M/K)/YM/K ,
(5.54)
where the right-vertical arrow
N˜ColemanL/M : U
⋄eX(L/K)/YL/K → U⋄eX(M/K)/YM/K
is the Coleman norm map from L to M defined by eq.s (5.52) and (5.53), is
commutative.
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Proof. It suffices to prove that the square
U⋄eX(L/K)/UX(L/K) can. //
eNColemanL/M

U⋄eX(L/K)/YL/K
eNColemanL/M

U⋄eX(M/K)/UX(M/K) can. // U⋄eX(M/K)/YM/K
is commutative, which is obvious. Then pasting this square with the square eq.
(5.19) as
Gal(L/K)
φ
(ϕ)
L/K
//
resM

U⋄eX(L/K)/UX(L/K) can. //
eNColemanL/M

U⋄eX(L/K)/YL/K
eNColemanL/M

Gal(M/K)
φ
(ϕ)
M/K
// U⋄eX(M/K)/UX(M/K) can. // U⋄eX(M/K)/YM/K
the commutativity of the square eq. (5.54) follows.
Now, let F/K be a finite sub-extension of L/K. Then, as F is compatible
with (K,ϕ), in the sense of [13] pp. 89, we may fix the Lubin-Tate splitting
over F to be ϕF = ϕK = ϕ. Thus, there exists the chain of field extensions
K ⊆ F ⊆ L ⊆ Kϕ ⊆ Fϕ,
where L is a totally-ramified APF -Galois extension over F by Lemma 3.3. As
µp(K
sep) = µp(F
sep), the inclusion µp(F
sep) ⊂ F is satisfied. That is, the local
field F satisfies the condition given by eq. (5.26).
Now, the basic ascending chain of sub-extensions in L/K fixed in eq. (5.27)
base changed to F
F = KoF ⊆ K1F ⊆ · · · ⊆ KiF ⊆ · · · ⊆ L (5.55)
is almost a basic ascending chain of sub-extensions in L/F , which follows
by the isomorphisms resKi : Gal(KiF/F ) ≃ Gal(Ki/Ki ∩ F ) and resKi :
Gal(Ki+1F/KiF ) ≃ Gal(Ki+1/Ki+1 ∩ KiF ) for every 0 ≤ i ∈ Z. Moreover,
by primitive element theorem, there exists an 0 ≤ io ∈ Z, such that F ⊆ Kio .
Choosing the minimal such io, the ascending chain (5.55) becomes
F = KoF ⊆ K1F ⊆ · · · ⊆ Kio−1F = Kio ⊂ Kio+1 ⊂ · · · ⊂ L.
For each 1 ≤ i ∈ Z, denote by σi the element in Gal(L˜/K˜) that satisfies
< σi |Ki>= Gal(Ki/Ki−1).
Now, for 1 ≤ i ∈ Z, introduce the elements σ∗i in Gal(L˜/F˜ ) that satisfies
< σ∗i |KiF>= Gal(KiF/Ki−1F )
as follows :
(i) in case i > io, then define σ
∗
i = σi ;
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(ii) in case i ≤ io, then define
σ∗i =
{
σi, Ki−1F ⊂ KiF ;
idKiF , Ki−1F = KiF.
It is then clear that, for each 1 ≤ i ∈ Z, the elements σ∗i of Gal(L˜/F˜ ) satisfies
< σ∗i |KiF>= Gal(KiF/Ki−1F ),
and for almost all i, σ∗i = σi. Moreover, for each 1 ≤ k ∈ Z, the square
Gal(Kk+1F/KkF )
ΞKk+1F/KkF
//
rKk+1

U
K˜k+1F
/U
σ∗k+1−1
K˜k+1F
eN∗Kk+1F/Kk+1

Gal(Kk+1/Kk)
ΞKk+1/Kk
// U eKk+1/Uσk+1−1eKk+1 ,
is commutative, as N˜Kk+1F/Kk+1(πKk+1F ) = πKk+1 by the norm coherence of
the Lubin-Tate labelling (πK′)K ⊆ K ′︸ ︷︷ ︸
[K′:K]<∞
⊂Kϕ
. Hence,
N˜∗Kk+1F/Kk+1
(
T
(L/F )
k
)
= T
(L/K)
k .
Now, by Theorem 5.14 there exists an arrow
h
(L/F )
k :
∏
1≤i≤k
U
σ∗i−1
K˜kF
→
 ∏
1≤i≤k+1
U
σ∗i−1
K˜k+1F
 /Uσ∗k+1−1
K˜k+1F
which splits the exact sequence
1 //T
(L/F )′
k
//
(∏
1≤i≤k+1 U
σ∗i−1
K˜k+1F
)
/U
σ∗k+1−1
K˜k+1F
eNKk+1F/KkF
//
∏
1≤i≤k U
σ∗i−1
K˜kF
//
h
(L/F)
k
yy
1 .
(5.56)
Now, choose an arrow
h
(L/K)
k :
∏
1≤i≤k
Uσi−1fKk →
 ∏
1≤i≤k+1
Uσi−1
K˜k+1
 /Uσk+1−1
K˜k+1
(5.57)
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which splits the exact sequence (5.47) in such a way that
(∏
1≤i≤k+1 U
σ∗i−1
K˜k+1F
)
/U
σ∗k+1−1
K˜k+1F
eNKk+1F/KkF
//
eN∗Kk+1F/Kk+1

∏
1≤i≤k U
σ∗i−1
K˜kF
h
(L/F )
k
xx
eNKkF/Kk
(∏
1≤i≤k+1 U
σi−1eKk+1
)
/U
σk+1−1eKk+1
eNKk+1/Kk
//
∏
1≤i≤k U
σi−1eKk
h
(L/K)
k
ee
(5.58)
is a commutative square. The arrow eq. (5.57) is constructed by following the
same lines of the construction of the arrow eq. (5.44). For each 1 ≤ k ∈ Z,
consider any map
g
(L/K)
k :
∏
1≤i≤k
Uσi−1eKk →
∏
1≤i≤k+1
Uσi−1eKk+1 (5.59)
which commutes the following square
∏
1≤i≤k U
σ∗i−1
K˜kF
g
(L/F )
k //
eNKkF/Kk

∏
1≤i≤k+1 U
σ∗i−1
K˜k+1F
eNKk+1F/Kk+1
∏
1≤i≤k U
σi−1eKk
g
(L/K)
k //
∏
1≤i≤k+1 U
σi−1eKk+1 .
(5.60)
Note that, such a map satisfies
h
(L/K)
k = g
(L/K)
k mod U
σk+1−1eKk+1 .
In fact, by the commutative diagram (5.58), for any w ∈
∏
1≤i≤k U
σi−1eKk , there
exists v ∈
∏
1≤i≤k U
σ∗i−1
K˜kF
such that w = N˜KkF/Kk(v), and
h
(L/K)
k (w) = h
(L/K)
k
(
N˜KkF/Kk(v)
)
= N˜∗Kk+1F/Kk+1
(
h
(L/F )
k (v)
)
= N˜∗Kk+1F/Kk+1
(
g
(L/F )
k (v).U
σ∗k+1−1
K˜k+1F
)
= N˜Kk+1F/Kk+1
(
g
(L/F )
k (v)
)
.U
σk+1−1eKk+1 ,
and by the commutativity of the diagram (5.60),
N˜Kk+1F/Kk+1
(
g
(L/F )
k (v)
)
= g
(L/K)
k
(
N˜KkF/Kk(v)
)
= g
(L/K)
k (w).
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Thus, the equality
h
(L/K)
k (w) = g
(L/K)
k (w).U
σk+1−1eKk+1
follows for every w ∈
∏
1≤i≤k U
σi−1eKk .
Now, for each 1 ≤ i ∈ Z, introduce the map
f
(L/K)
i : U
σi−1eKi → UeX(L/K)
by
f
(L/K)
i (w) = ΛF/K
(
f
(L/F )
i (v)
)
,
where v ∈ U
σ∗i−1gKiF is any element satisfying N˜KiF/Ki(v) = w ∈ Uσi−1eKi . Note
that, if v′ ∈ U
σ∗i−1gKiF such that N˜KiF/Ki(v′) = w, then ΛF/K
(
f
(L/F )
i (v)
)
=
ΛF/K
(
f
(L/F )
i (v
′)
)
. In fact, there exists u ∈ ker
(
N˜KiF/Ki
)
such that v′ = vu.
Thus, we have to verify that ΛF/K
(
f
(L/F )
i (v)
)
= ΛF/K
(
f
(L/F )
i (vu)
)
. That is,
for each 1 ≤ j ∈ Z, we have to check the equality
Pr eKj
(
ΛF/K
(
f
(L/F )
i (v)
))
= Pr eKj
(
ΛF/K
(
f
(L/F )
i (vu)
))
. (5.61)
Now, note that, for j > i,
Pr eKj
(
ΛF/K
(
f
(L/F )
i (v)
))
= N˜KjF/Kj
(
Pr
K˜jF
(
ΛF/K(f
(L/F )
i (v))
))
= N˜KjF/Kj
(
Pr
K˜jF
(
f
(L/F )
i (v)
))
= N˜KjF/Kj
(
g
(L/F )
j−1 ◦ · · · ◦ g
(L/F )
i (v)
)
= g
(L/K)
j−1 ◦ · · · ◦ g
(L/K)
i
(
N˜KiF/Ki(v)
)
,
by the commutativity of the square eq. (5.60). Thus, equality (5.61) follows, as
N˜KiF/Ki(v) = N˜KiF/Ki(vu). Thus, the map
f
(L/K)
i : U
σi−1eKi → UeX(L/K)
is well-defined. Moreover, for j > i,
Pr eKj ◦ f (L/K)i =
(
g
(L/K)
j−1 ◦ · · · ◦ g
(L/K)
i
)
|
U
σi−1fKi
.
In fact, for w ∈ Uσi−1eKi , there exists v ∈ U
σ∗i−1gKiF such that N˜KiF/Ki(v) = w, and
f
(L/K)
i (w) = ΛF/K
(
f
(L/F )
i (v)
)
. That is, the following square
U
σ∗i−1gKiF
f
(L/F)
i //
eNKiF/Ki

UeX(L/F )
ΛF/K

Uσi−1eKi
f
(L/K)
i // UeX(L/K)
(5.62)
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is commutative. Thus, for j > i,
Pr eKj ◦ f (L/K)i (w) = Pr eKj ◦ ΛF/K
(
f
(L/F )
i (v)
)
= N˜KjF/Kj
(
Pr
K˜jF
◦ f
(L/F )
i (v)
)
= N˜KjF/Kj
(
(g
(L/F )
j−1 ◦ · · · ◦ g
(L/F )
i )(v)
)
=
(
g
(L/K)
j−1 ◦ · · · ◦ g
(L/K)
i
)(
N˜KiF/Ki(v)
)
,
by the commutativity of the diagram (5.60), which is the desired equality.
Let, for each 0 < i ∈ Z,
Z
(L/K)
i = im(f
(L/K)
i ).
Then, by Lemma 5.15 or by Lemma 4 of [2], for z(i) ∈ Z
(L/K)
i , the product∏
i z
(i) converges to an element in U⋄eX(L/K). Let
ZL/K
(
{Ki, f
(L/K)
i }
)
=
{∏
i
z(i) : z(i) ∈ Z
(L/K)
i
}
,
which is a topological subgroup of U⋄eX(L/K). Introduce the topologicalGal(L/K)-
submodule YL/K
(
{Ki, f
(L/K)
i }
)
= YL/K of U
⋄eX(L/K) by
YL/K =
{
y ∈ UeX(L/K) : y1−ϕ ∈ ZL/K
(
{Ki, f
(L/K)
i }
)}
.
Lemma 5.30. The continuous homomorphism ΛF/K : X˜(L/F )× → X˜(L/K)×
introduced by eq.s (5.20) and (5.21) further satisfies
(i) ΛF/K
(
ZL/F ({KiF, f
(L/F )
i })
)
⊆ ZL/K
(
{Ki, f
(L/K)
i }
)
;
(ii) ΛF/K(YL/F ) ⊆ YL/K .
Proof. (i) For any choice of z(i) ∈ Z
(L/F )
i , the continuity of the multiplicative
arrow ΛF/K : X˜(L/F )× → X˜(L/K)× yields
ΛF/K
(∏
i
z(i)
)
=
∏
i
ΛF/K(z
(i)),
where ΛF/K(z
(i)) ∈ Z
(L/K)
i by the commutative square (5.62).
(ii) Now let y ∈ YL/F . Then, y
1−ϕ ∈ ZL/F ({KiF, f
(L/F )
i }). Thus, ΛF/K(y
1−ϕ) =
ΛF/K(y)
1−ϕ ∈ ZL/K
(
{Ki, f
(L/K)
i }
)
by part (i). Now the result follows.
Thus, the homomorphism ΛF/K : X˜(L/F )× → X˜(L/K)× of eq. (5.20)
defined by eq. (5.21) induces a group homomorphism,
λF/K : U
⋄eX(L/F )/YL/F → U⋄eX(L/K)/YL/K (5.63)
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and defined by
λF/K(U) = ΛF/K(U).YL/K , (5.64)
for every U ∈ U⋄eX(L/F ), where U denotes, as usual, the coset U.YL/F in U⋄eX(L/F )/YL/F .
Let
Φ
(ϕ)
L/F : Gal(L/F )→ U
⋄eX(L/F )/YL/F
be the corresponding Fesenko reciprocity map defined for the extension L/F ,
where YL/F = YL/F
(
{KiF, f
(L/F )
i }
)
.
Theorem 5.31. For the finite sub-extension F/K of L/K, the square
Gal(L/F )
Φ
(ϕ)
L/F
//
inc.

U⋄eX(L/F )/YL/F
λF/K

Gal(L/K)
Φ
(ϕ)
L/K
// U⋄eX(L/K)/YL/K ,
(5.65)
where the right-vertical arrow
λF/K : U
⋄eX(L/F )/YL/F → U⋄eX(L/K)/YL/K
is defined by eq.s (5.63) and (5.64), is commutative.
Proof. It suffices to prove that the square
U⋄eX(L/F )/UX(L/F ) can. //
λF/K

U⋄eX(L/F )/YL/F
λF/K

U⋄eX(L/K)/UX(L/K) can. // U⋄eX(L/K)/YL/K
is commutative, which is obvious. Then pasting this square with the square eq.
(5.24) as
Gal(L/F )
φ
(ϕ)
L/F
//
inc.

U⋄eX(L/F )/UX(L/F ) can. //
λL/F

U⋄eX(L/F )/YL/F
λL/F

Gal(L/K)
φ
(ϕ)
L/K
// U⋄eX(L/K)/UX(L/K) can. // U⋄eX(L/K)/YL/K
the commutativity of the square eq. (5.65) follows.
If L/K is furthermore a finite extension, then the square
U⋄eX(L/K)/YL/K
H
(ϕ)
L/K
//
PrfK

Gal(L/K)
mod Gal(L/K)
′

UK/NL/KUL
hL/K
// Gal(L/K)ab
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commutes. Thus the inverse H
(ϕ)
L/K = (Φ
(ϕ)
L/K)
−1 of the Fesenko reciprocity
map Φ
(ϕ)
L/K defined for L/K is the generalization of the Hazewinkel map for the
totally-ramified APF -Galois sub-extensions L/K of Kϕ/K under the assump-
tion that the local field K satisfies the condition given by eq. (5.26).
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